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Lecture 1: Electric charge and electric field

Electric Charge and Electric Field
(Chapter 21 in textbook)

s Electric Charge and the Structure of Matter o
The structure of atoms can be described in terms of three particles: M, ) Mowtof the
> The negatively charged electron [ P W% Teddva
Mass =9.109 x 10 31kg AY oo

» The positively charged proton
Mass =1.673 x 107%"kg
» The uncharged neutron il fest of the atom,
Mass =1.675 x 10~*"kg ] e ot
s Charge Carried by Electrons and Protons 107 m
A model of an atom with negative electrons orbiting its positive nucleus.
The nucleus is positive due to the presence of positively charged protons.
Nearly all charge in nature is due to electrons and protons, which are two of the
three building blocks of most matter. (The third is the neutron, which is neutral,
carrying no charge.)
The charges of electrons and protons are identical in magnitude but opposite in .
sign. The magnitude of this basic charge is

q = 1.6 X 1071° Coulomb (C)

% Conductors and insulators
Materials that allow easy passage of charges are called conductors. (e.g. most metals )
Materials that resist electronic flow are called insulators. (e.g. glass, wood).

Coulomb’s Law
(The magnitude of the electric force between two point charges is directly proportional to the product of\
the charges and inversely proportional to the square of the distance between them.
1 19142
4'7'[80 rz
\_ Units: g, and g, are in coulombs (C); F is in newton (N). Y,
Notes: ¥ e o s = force on 2
> The direction of F is determined using the fact that like g A
charges repel and unlike charges attract. : g
» 1 is the distance between the two charges. K13 -%'-’ f Fai
> the permittivity of free space ¢, = 8.85 x 1072 F/m: (a) )
1 Fpo e —p=—F,
=9 x 10° Nm?/C? : -
4'1'[80 (b)
. : . Fi, F,
The force is along the line connecting the charges, and e ——
is attractive if the charges are opposite, and repulsive if they are the I 2

same.
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Example 1 : Forces between two point charges
Two point charges q; = 25nC and q, = —75nC
are separated by a distance of 3.0 cm. Find the magnitude and direction of the electric force that g; exerts on
qz-
Solution:

1 |q1q.l qi q>

" 4me, 12

= 9 x 100 EWICTXT) _ 187 N
3x10

The force is attractive r

Example 2: Compare the strength of the electrostatic force between the electron and proton in a hydrogen atom
with the corresponding gravitational force between the two. Remember that a hydrogen atom consists of a
single electron in orbit around a proton. The electron is pictured as moving around the proton in a circular orbit
with radius r = 5.29 X 107 11m,
What is the ratio of the magnitude of the electric force between the electron and proton to the magnitude of the
gravitational attraction between them?

m, = 9.1 x 107 31kg

my, = 1.67 X 107%"kg
The gravitational constant is

G = 6.67 x 10711Nm? /kg?

Solution: The electric force is given by Coulomb’s law and the gravitational force by Newton’s law of
gravitation.

Each particle has charge of magnitude e = 1.6 X 1071°C.

1 q.q9, e
= = k=
4me, 12 r?
m,m,
Fg=6—>3
The ratio of the two forces is
1 e?
F, Ay 12 _ ke? _ 9 x 10° x (1.6 x 10719)2
Fo gleMe Gmem,  6.67x 10711 x 9.1x 10731 x 1.67 X 10727
r
= 2.27 x 10%°

Example 3: Vector addition (Superposition) of electric forces on a line
Two pomnt charges are located on the x-axis of a coordinate system:
gy = 10nC 1s at x = +2.0cm, and g; = —3.0 nC s at x =
+4.0 crn. What is the total electric force exerted by 4y and g7 on a
charge g3 = 5.0 nC atx = 07

3=50nC ¢4 =1.0nC ¢z=-3.0nC f_:>1 '_‘_?
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1 |qgsl
Imeg i,

Flop: =

A8 Ada )
cibl dlae alug .3

(Lo x 107° )50 x107°C)y  F

In the same way we can show that F, ., = 84 uN.
Thus we have:
—112i and F =841

1on3 — 20n3

(9.0 ¥ 10° N-m?/C%

1.12 ¥ 107*N =112 N

{0.020 m)?

Therefore, the net force on g5 is
F3 = (—=112uN)i + (84uN) i = (—28uN) i

Example 3: Vector addition (Superposition) of electric forces in a plane

Two equal positive charges g; = g2 = 2.0 uC are located at
x=0,y =030 mand x = 0, y = —0.30 m, respectively. What
are the magnitude and direction of the total electric force that ¢
and gy exert on a third charge @ = 4.0 uCatx = 040 m, y = 07

Solution:

the identical charges ¢ and g;, which are at equal distances from
Q. From Coulomb’s law, bath forces have magnitude 2w=20x L -

Flor2ong = (9.0 X 10° N-m?/C?)

(0.50 m)*

The x-components of the two forces are equal:

{(Fror2on 0} = [(F1or2on ploos o = (0.29 N}

—® F
(4.0 ¥ 1070 C)(2.0 x 1078 C) Q=4DuC)
=029 N W
ll“ ¥
S 023N 0u? '
050m

Fram symmetry we sec that the y-components of the two forces are
equal and opposite. Hence their sum is zero and the total force Fon
@ has only an x-component F, = 023 N + 023 N = 0.46 N.
The total force on ¢ 1s in the +x-direction, with magnitude 0.46 N.

o The Electric Field

Definition of the electric field: electric force per unit charge. E = L the SIunitis N /C

do

Here, q, is a “test charge” it serves to allow the electric force to be measured, but is not large enough to create a

significant force on any other charges.

% If we know the electric field, we can calculate the force on any charge: |F = gE

¢+ The direction of the force depends on the sign of the charge: in the direction of the field for a positive
charge, opposite to it for a negative one.
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< Superposition principle for electric fields:

Just as electric forces can be superposed, electric fields can as well.

E=E +E,+ . \|/_

If we place a small test charge g, at the field point P, at a distance r from the source point, the magnitude of the
force is given by Coulomb’s law

1 qoq
Fy = —
07 4me, 12
the magnitude of the electric field at P is
1 4909
E_ﬂ_élnso r2 1 q
Cqo do ~ 4meyr?

Example 1: What is the magnitude of the electric field at a field point 2.0 m from a point charge ¢ = 4.0 nC
Solution:

—a
1 4.0 X 1077 C
E= |i2| = (9.0 X 10° N-m?/C?) 5
daepy r (2.0 m)
= 6.0 N/C

Example 2: When the terminals of a battery are connected to two parallel conducting plates with a small gap
between them, the resulting charges on the plates produce a nearly uniform electric field between the plates. If

the plates are 1 cm apart and are connected to a 100 volt battery. The field is vertically upward and has
magnitude E = 1 X 10*N/C.

(a) If an electron (g = —1.6 X 1071°C and m = 9.1 X 10731 kg) is released from rest at the upper plate, what
is its acceleration?

(b) What speed and kinetic energy does it acquire while traveling 1 cm to the lower plate?

(c) How long does it take to travel this distance?

Ihe thin arrows represent
the unitorm clectric tield

Solution: (a) Although E is upward (in the +y- / —" e = y
direction), F is downward (because the electron’s T £ | ?,T; b (1 A
charge is negative) and so F, is negative. Because F, is '""" j ‘ \ ‘
constant, the electron’s acceleration is constant: ) S ; S— o

- E, gE —-1.6x10""x1x10* ‘

T TM T T T 911x10%

= —1.76 X 10°m/s?
(b) The electron starts from rest, so its motion is in the y-direction only (the direction of the acceleration). We
can find the electron’s speed at any position y using the constant-acceleration
v? =vy% 4+ 2a,(y — o) = 0+ 2(—1.76 X 10*°)(—1 x 1072 — 0)

o v =40+ 2(=1.76 x 1015)(—1 x 10~2) = 5.9 x 10°m/s
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The velocity is downward, so v, = —5.9 X 10°m/s
The electron’s kinetic energy is
1 1
k = Emv2 = 5(9.11 x 10731)(5.9 x 10%)? = 1.6 x 10717
(c) To calculate the time use v, = vy + a,t
— _ 6_
p=2 - P00 _ 34 %1079 = 3.4ns
ay -1.76X10

» Field of an electric dipole
Example3: Point charges g; and g, are 0.1 m apart. (Such pairs of point charges with equal magnitude and

opposite sign are called electric dipoles.) Compute the electric field caused by q; ,the field caused by g, and the
total field (a) at point a (b) at point b, and (¢) at point ¢

Solution:

We must find the total electric field at various points due to two point charges. We use the principle of

superposition: E = E4 + E,. The field points a, b. and c are shown in the figure.
EXECUTE: At each field point, E depends on E; and E,there; we first calculate the magnitudes E and E, at
each field point. At a the magnitude of the field E;, caused by g4 is

1 ail 12 % 107°C
q—; = (9.0 X 10° N m*/C*)———
(0.060 m)
= 30 x 10° N/C £

We calculate the other field magnitudes in a similar way. The é— ;
results are

Elg =30 X 10 NJC  Ejp =68 x 10° N/C
E\. = 6.39 X 10° N/C

E,. =
la 4wen r

Ey = 6.8 X 10°N/C  Egy = 0.55 X 10 N/C
Eoe = Ejp = 639 % 10° N/C E ) b .

The directions of the correspanding fields are in all cases away
from the positive charge g and toward the negative charge g.

the directions of Eqand E, at c. Both vectors have the same x-component:

Eler = Eger = Eyceosa = (639 X 10° N/C)(f3]
= 246 X 10° N/C

From symmetry, £, and E5, are equal and opposite, so their sum
is zero. Hence

E, = 2(246 X 10° N/C)i = (49 X 103 N/C)i

> Field of a ring of charge
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Example 4: Charge is uniformly distributed around a conducting ring of radius. Find the electric field at a
point P on the ring axis at a distance x from its center.
Solution: To calculate E,, divide the ring into small segments ds, so the electric field at P due to the segment ds
is

dE = —% r
4TEy T d@
The x-component of this field is L
dE, = dEcosa. 1Y T
The charge on the segment ds is .= af -
dQ = Ads, W 1
where A is the linear charge density “N & ad
A=Q/2ma
r2=x%+a?
x X
CoSq = — = ———
T Vx? + a?
1 dQ X 1 xAds
. dE,

CAmegx2 4 a?\xZ + g2 4mey (x2 + a?)3/?
To find E, we integrate this expression over the entire ring circumference that is, for s from 0 to 2ma.
2ma
£ 1 Ax f p
= S
¥ 4mey (x2 + a?)3/2
0

Q
1 Ax 1 x50
= 3 (2ma) = Imey (7 + a2)il? (2ma)

= = in the +x — direction.
meo (x2+a?)2

» Field of a uniformly charged disk
Example 5: A non-conducting disk of radius R has a uniform positive surface charge density
o . Find the electric field at a point along the axis of the disk a distance x from its center. Assume that x is
positive.
Solution: the disk is a set of concentric rings. A typical ring has a
charge , inner radius r, and outer radius r + dr.

dA = 2nrdr

. . d
The charge per unit surface area is 0 = d—i, so the charge of the

P dE,

ring is

dQ = o dA = 2nordr
The field component dE, at point P due to this ring (Similar to example 4 and replacing the ring radius a with
r.) 18
1 dQ X 1 xo dA
C 4megx? +a?x2 +r2  Amey (x2 +12)3/2
To find the total field due to all the rings, we integrate dE, over r, fromr = 0tor =R

dE,
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R R
£ = f 1 x(Zmordr)  ox 2rdr
¥ ) Amey (k2 +12)3/2 4gy ) (x2 +12)3/2
0 0
Let t = x? + 12, so dt = 2rdr, the result is
E = ox [ 1 N 1]
¥ 4g x2+R? X
o

1
| T

Note that if the disk is very large (or we are very close to it), so that

1 )
R > x , the term ————=——= will be much less than 1. then the field becomes
’ J@RZ/x2)+1
* _a
- 2¢g

This result shows that for an infinite plane sheet of charge the field is independent of the distance from the
sheet.

The direction of the field is perpendicularly away from the sheet.

» Field of two oppositely charged infinite sheets y

Example 6: Two infinite plane sheets with uniform A VE FeB 4B 0
surface charge densities and are placed parallel to each Sheet2 —g ' ’ =t )
other with separation. Find the electric field between the 2 B L. = '
sheets, above the upper sheet, and below the lower sheet. d  EA AE 15 =E +E
Sheet1 +o
EY AE E=E +E,=0

Solution: both E4 and E, have the same magnitude at all points, independent of distance from either sheet.
o
Ei,=E, =—
1 2= 26,
E; is everywhere directed away from sheet 1( + charge), and E,is everywhere directed toward sheet 2 (-

charge).

Between the sheets, E;and E, reinforce each other; above the 0 BIRTE e URper dhest
upper sheet and below the lower sheet, they cancel each other. E=E +E =4{Zj between the sheets
Thus the total field is )

0 below the lower sheet

«»» Electric Dipoles

- { -

An electric dipole consists of two charges O, equal in

magnitude and opposite in sign, separated by a distance [ . =% 9
-0 P +Q
The dipole moment, p = @I, points from the negative to the positive charge.
An electric dipole in a uniform electric field will experience no net force, BT T
but it will, in general, experience a torque: 4 :
L
I . [ . . N = ; {)
T = QEism0 + QEisml) = pE siné. T = pXE
F_=-QF 4’—:’-(_)
e The torque is maximum when and p and E are perpendicular and is ZEero

when they are parallel or antiparallel.
» The torque always tends to turn p to line up with E.
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» The position of stable equilibrium occurs when ¢ = 0 ( p and E are parallel) and when ¢ = 7 (p
and E are antiparallel ) is a position of unstable equilibrium.

«» Potential Energy of an Electric Dipole

When a dipole changes direction in an electric field, the electric-field torque does work on it, with a
corresponding change in potential energy.
The work done by a torque during an infinitesimal displacement is d6 is given by

dW = tdf = —pEsinf

In a finite displacement from 6, to 8,the total work done on the dipole is

62

W = f(—pEsinG) deo
9

1
W = pEcos8, — pEcosO,

The work is the negative of the change of potential energy

W=U1_U2

So a suitable definition of potential energy for this system is

U(B) = —pEcosb

Since pEcosf = p - E  (scalar product)

Example: the figure shows an electric dipole in a uniform electric

field of magnitude 5 X 10° N /C that is directed parallel to the
plane of the figure. The charges are ¥1.6 X 1071°C; both lie in

the plane and are separated by 0.125 mm.

Find:

(a) The net force exerted by the field on the dipole.
(b) The magnitude and direction of the dipole moment.
(c) The magnitude and direction of the torque.

U=—-p-E
» The potential energy has its minimum (most negative) value U = —pE at the stable equilibrium
position, where € = 0 and p is parallel to E
» The potential energy is maximum when 6 = 7 and p is antiparallel to E then U = +pE
» A0 = m/2 twhere p is perpendicularto E, U =0

D

(d) The potential energy of the system in the position shown. -

Solution:
(a) The field is uniform, so the forces on the two charges are equal and opposite. Hence the total force
on the dipole is zero.
(b) the magnitude of the electric dipole moment is — 1
p=qd =1.6%x1071°%x0.125%x 1073 =2 x 1072°C.m : E
The direction of p is from negative to positive I_)'

charge, 145° clockwise from the direction of
the electric field. 145°
(c) The magnitude of the torque is

T =pEsing = 2x 10729 x 5 X 10° X sin 145°
=5.7%x10"%*N.m

The direction of the torque T = p X E is out of the page ( right hand rule).this corresponds to a
counterclockwise torque that tends to align p with E.
(d) The potential energy is
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U=—pEcosd =—2x1072°%x5x10% X cos145° =8.2x 107%*]

Lecture 2: Gauss’s Law

GAUSS’S LAW

Gauss’s law is an alternative to Coulomb s law.
It provides a different way to express the relationship between electric charge and electric field.

Definition: The total electric flux through any closed surface is proportional to the total electric charge inside]
the surface.

D

¢ Calculating the electric flux
The Electric Flux (@) is defined as the product of the magnitude of the electric field E
and the surface area, A, perpendicular to the field.

» For a uniform electric field: &, = EA
> Flux Units: N - m2/C

* Since the electric flux @ through a cross
sectional area A is proportional to the ; .
total number of field lines crossing the .
area. - y— / '
» If'the area is flat but not perpendicular to
the field then fewer field lines pass
through it, then
®p =FEAcosp =E-A=E A
> <I>E is a maximum when the surface is perpendicular to the field: 6 = 0°

- (I)E is zero when the surface is parallel to the field: 6 = 90°
2 |f the field varies over the surface, tI)E = EA cos@ is valid for only a small element of the area.

D =EA @, = E-A-cosg D=0

» For a Non-uniform Electric Field:
What happens if the electric field E isn’t uniform but varies from point to point over the area A? Or

what if A is part of a curved surface? Then we divide 4 into many small elements dA. Then we get
the general definition of flux.

2 z . . (general definition
by = Ecosd dA = E, dA = E-dA

of electric flux)

We call this integral the surface integral of the component E | over the area, or the surface integral
of E - dA.

Example 1: A disk of radius 0.10 m is oriented with its normal unit vector
n at 30°to a uniform electric field of magnitude 2 x 103n/C. (Since this isn’t "~ "10m /K

_Ill
Nos <
E
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a closed surface, it has no “inside” or “outside.” That’s why we have to specify the direction of in the figure.)
(a) What is the electric flux through the disk?
(b) What is the flux through the disk if it is turned so that n is perpendicular to E?
(c) What is the flux through the disk if n is parallel to E?

Solution:
(a) The area A = (0.1)? = 0.0314 m?
® =EAcosd

E
= 2 x 103 x 0.0314 cos(30°) = 54 N.m?/C

(b) The normal to the disk is now perpendicular to E, so @ =90° and cos90° = 0
“E=0
(c) The normal to the disk is parallel to E, so ¢ = 0, and cos ¢ = 1.

4 =2x10° X 0.0314 X 1 = 63 N.’”TZ

e Electric flux through a cube
Example 2: An imaginary cubical surface of side L is in a region of uniform electric field E.
Find the electric flux through each face of the cube and the total flux through the cube when
(@) it is oriented with two of its faces perpendicular to E.

(b) the cube is turned by an angle 6 about a vertical axis.

Solution:
(a) The angle between nyand E is 180°, the angle between E and n, is 0°, and the angle between E and each of
the other four unit vectors is 90°. Each face of the cube has area L?so the fluxes through the faces are:

§0E1 =F 'A1 = EL2C051800 = — EL2 ns (b)

Qg = E+A, = EL?c0s0° = + EI? ity ~ * - N

Pp3 = Ppa = Prs = Ppe = EL?c0s90° =0 — "-: T - E

The total flux through the cube is = ,’\ = il

Vg = Pp1 + Qpz + Pp3 + Ppa + Pps + Pge —"#, ; s , :%_),7_3 % — 0
= —E*+ E[*+0+0+0+0=0 i R T

@g1 = E-A; = EL?cos(180° — §) = — EL%cos6 z;

Qg = E+ A, = EL?cos8 = + EL*cos6

Qg3 = E - A3 = EL*cos(90° + §) = — EL%sin6

Ygs = E-A, = EL*cos(90° — ) = + EL?sin6

(b) The field E is directed into faces 1 and 3, so the fluxes through them
are negative; E is directed out of faces 2 and 4, so the fluxes through . ns

them arg, popitive, J¥e fingyo — ¢ e —
The total flux =
Vg = Pp1 + Pe2 + Pz +Ppat@es + Ppe = 0, 0 i, | Ay -
through the surface of the cube is again zero fiy

e FElectric flux through a sphere

Example: A point charge g = +3 uC is surrounded by an imaginary sphere of radius 7 = 0.2 m centered on the
charge. Find the resulting electric flux through the sphere.
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Solution: The electric flux ®; = [ EdA, but the magnitude of the electric 1 / dA
field E is the same at every point on the surface of the sphere. \ \ / /
= s -l
A1r€ET? _— e
| ) ) g Caq 3 % 10-6 // q \\\
“Pp = E,[dA =E4= Ameyr? X dmr” = € 8.85x 10712 £/ j \

= 3.4 x 10°N.m?/C
The flux through any surface enclosing a single point charge is independent of the
shape or size of the surface

¢ Point Charge Inside a Spherical Surface:
Place a single positive point charge at the center of an imaginary spherical surface with radius R. The

magnitude E of the electric field at every point on the surface is given by

__1 4«

" 4me, R?
At each point on the surface, E is perpendicular to the surface, and its magnitude is the same at every point. The
total electric flux is

by = EA = %1(47“?2) =4

41€ey R? €

The flux is independent of the radius R of the sphere. It c(}epends only on Othe charge q
enclosed by the sphere.
In terms of field lines the Figure shows two spheres with radii R and 2R centered on the i
point charge. Every field line that passes through the smaller sphere also passes through the 1 W/“‘
larger sphere, so the total flux through each sphere is the same. .

R — projected area is dA

2R — projected area is 4dA

SinceEz(q) !

4—7'[60 E
Hence the electric flux is the same for both areas and is independent of the radius of the sphere.
+ Point Charge Inside a Nonspherical Surface:
> Divide irregular surface into dA elements, compute electric flux for each (E dA cosg) and sum

results by integrating. 9 Fmy E
» Each dA projects onto a spherical surface element gives o oYL e s f€
total electric flux through irregular surface = flux through )[ . ’
sphere. & ‘-L
Oy =¢E-dA = Ei, the circle means that the integral is through a J O .o cicren it ou
0 woph | sinrdi

closed surface. This is valid for positive or negative charge.
» Ifenclosed q = 0,then &y =0

e General form of Gauss’s law
Suppose the surface encloses several charges. Let Q,,,.; be the total charge enclosed by the surface
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Qenct =q1+q2+q3 + -
Also let E be the total field at the position of the surface area element dA
E=E,+E,+E;+ -
and let E | be its component perpendicular to the plane of that element dA.
Then we can calculate the flux for each charge and its corresponding field and add the results. When we

do, we obtain the general statement of Gauss’s law:

an:jEE-dA:

Qenet
€o
Gauss’s law: The total electric flux through a closed surface is equal to the total (net) electric charge inside
the surface, divided by €,
We often refer to a closed surface used in Gauss’s law as a Gaussian surface. We can express Gauss’s
law in the following equivalent forms:
By = %Ecnsd) e = %E‘ = %E A = Q}‘_!)S'. (various forms

€y ©of Gauss’s law)

The various forms of the integral all express the same thing, the total electric flux through the Gaussian surface,
in different terms.

As an example, a spherical Gaussian surface of radius r around a positive point charge +q The electric field
points out of the Gaussian surface, so at every point on the surface E is in the same direction as dA, ¢ = 0, and

E | is equal to the field magnitude E = q/4me, . Since E is the same at all points on the surface. Then

_ _ q (4 _(_4a
P5 = %ELdA B jg (4n60r2) dA = (47‘[607'2) 3€ da <4n60r2>A

(@) Gaussian surface arosind positive charge (_h) Gausstan surface around negative charge
:( r2 — i positive (outward) My negative (inwand) flux
4TEQT2 €0

The enclosed charge Q,,,; is just the charge +g so = L / - /
this agrees with Gauss’s law. BN ; \

If the Gaussian surface encloses a negative point P L
charge, then E points into the surface at each point in E ' E |
the direction opposite d4, ¢ = 180° and E | is equal

to the negative of the field magnitude £, = —E = — ( il ) = —q/4me,r?

4TT€(T2

B B —q [ —q [ —q
P5 = jLELdA B % (471'607‘2) dA = (471’607‘2) jg da = <4n60r2>A

AT YR
4TTEYT €p

Lecture 3: Applications of Gauss’s Law

Applications of Gauss’s Law
» Gauss’s law is valid for any distribution of charges and for any closed surface.
» Gauss’s law can be used in two ways.
» If we know the charge distribution, and if it has enough symmetry to let us evaluate the integral
in Gauss’s law, we can find the field. Or
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* if we know the field, we can use Gauss’s law to find the charge distribution, such as charges on
conducting surfaces.

Lxiussian surace A

» When excess charge is placed on a solid conductor and is at rest, it resides lshle ORI Conucoe
entirely on the surface, not in the interior of the material. s

Crnss secnon |

(By excess we mean charges other than the ions and free electrons that make up ‘ +:
the neutral conductor.) N
+» Field of a charged conducting sphere e d
Example: We place a total positive charge g on a solid '
conducting sphere with radius R . Find the electric field at any # __\ ., Gaussian surfaces
point inside or outside the sphere. + * ! Sy =Inmor=2%

All the charge must be on the surface of the sphere. The charge LS
is free to move on the conductor, and there is no preferred £
position on the surface; the charge is therefore distributed E(R) = —\—
uniformly over the surface, and the system is spherically
symmetric.

To exploit this symmetry, we take as our Gaussian
surface a sphere of radius r centered on the conductor. E(R)

> For r > R the entire conductor is within the Gaussian 0 R 2R 3R

surface, so the enclosed charge is g, and E is
uniform over the surface and perpendicular to it at each point.

Qenct = q, A =4nr? E| =E, the electric flux is given by:

d>E=99EL-dA=EA=% qﬁl=E(4nr2)=€i
0 0
Thus, the field outside the conductor is: E = L %
4TEQ T
» At the surface of the sphere, where r = R: E = ! iz
4meg R
» For r < R we again have (4nr?) = % , But now our Gaussian surface (which lies entirely within the
0

conductor) encloses no charge Q. = 0.
The electric field inside the conductor is therefore zero.

+ Field of a uniform line charge
Example 1: Electric charge is distributed uniformly along an infinitely long, thin wire. The charge per unit
length is (assumed positive). Find the electric field using Gauss’s law

Solution: The flux through the flat ends of our Gaussian surface is zero 5 / sartace
because the radial electric field is parallel to these ends

On the cylindrical part of our surface we have E| = E (everywhere). g
Qenct = Al, A =2nrl
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Qenc
Py =¢FE -dA=EA=-24

0

Al
s 2nrlE = —
€o
Electric field of an infinite line of charge is E = A
2TEQT

% Field of an infinite plane sheet of charge
Example 2: Use Gauss’s law to find the electric field caused by a thin, flat, infinite sheet with a uniform positive
surface charge density o.

Solution: The flux through the cylindrical part of our Gaussian surface is zero because E is parallel to the
surface. The flux through each flat end of the surface is +EA . The total
enclosed charge is Qppp = 0A

and so from Gauss’s law,

oA
EAX2=—
€o E,
Therefore, the field of an infinite sheet of charge
o

= Gaussian
2€

surface

Field between oppositely charged
parallel conducting plates
Example 3: Two large plane parallel conducting plates are given charges of equal magnitude and opposite sign;
the surface charge densities are +o0 and —o Find the electric field in the region between the plates.

The left-hand end of surface S;is within the positive plate 1. Since the field is zero within the volume of
any solid conductor under electrostatic conditions, there is no electric flux through this end. The electric field
between the plates is perpendicular to the right-hand end, so on that end, E | is equal to E and the flux is EA4; this
IS positive, since E is directed out of the Gaussian surface. There is no flux through the side walls of the

cylinder, since these walls are parallel to E. So the total flux integral in Gauss’s law is EA. The net
charge enclosed by the cylinder is gA, so EA = gA/€,. Thus, the field between oppositely charged conducting

plates is
o
E=—
€o

The field is uniform and perpendicular to the plates, and its magnitude is independent of the distance from either
plate. The Gaussian surface S, yields the same result. Surfaces S, and S5 yield E = 0 to the left of plate 1 and to
the right of plate 2, respectively.

% Field of a uniformly charged sphere
Example: Positive electric charge is distributed uniformly throughout the volume of an insulating sphere with
radius Find the magnitude of the electric field at a point a distance from the center of the sphere.
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Solution: From symmetry, the direction of E is radial at every point on the W A ':;; !
Gaussian surface, so E| = E and the field magnitude is the same at every point & | O
on the surface. Hence the total electric flux through the Gaussian surface is the S
product of E and the total area of the surface A = 4mr?, that is & = 4nr2E L ~‘ o
The amount of charge enclosed within the Gaussian surface depends on r. To gL o " ‘ ATe,
find E inside the sphere, we choose r < R. The volume charge density p is the O W
charge Q divided by the volume of the entire charged sphere of radius R . / ;
__ ¢ "
P = 4nR3 /3
The volume V,,,enclosed by the Gaussian surface is gm‘3, so the total charge Q. enclosed by the surface is
3
Qenct = PVenct = (ﬁ) 27”3 = %
The Gaussian law becomes
4 r3
gnrzE = e%ﬁ
Or the field inside a uniformly charge sphere
1 Qr
= e

The field magnitude is proportional to the distance r of the field point from the center of the sphere .
To find E outside the sphere, v > R. This surface encloses the entire charged sphere, so Q. = Q and Gauss’s
law gives

Amr?E = Q
€o
The field outside a uniformly charged sphere is
__1 e
 4mey T2

s Charge on a hollow sphere
Example : A thin-walled, hollow sphere of radius 0.250 m has an unknown charge distributed uniformly over
its surface. At a distance of 0.3 m from the center of the sphere, the electric field points radially inward and has
magnitude 1.8 X 102N /C. How much charge is on the sphere?
Solution: The charge distribution is the same as if the charge were on the surface of a 0.25m radius conducting
sphere. Also, the electric field here is directed toward the sphere, so that q must be negative. Furthermore, the
electric field is directed into the Gaussian surface, so that E| = —F and

Dy = fEL -dA = EQ2nr?)

By Gauss’s law, the flux is Oy = Ei = —EQ2nr?)
0
o q=—E X 2meyr?
— 1.8 x 102 X 27 X 8.85 x 10712 x (0.3)2
g=-18x10"°C

% Electric field of the earth
Example: The earth (a conductor) has a net electric charge. The resulting electric field near the surface has an

average value of about 150 N/C directed toward the center of the earth. Ry = 6.38 X 10°m.
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(a) What is the corresponding surface charge density?
(b) What is the total surface charge of the earth?

A8 Ada )

Solution: (a) since E is directed into the surface, then o is negative, and so E| = —E.

o =¢E| =885x1071% x (—150)
= —1.33 x 107°C /m?
(b) o is the charge per unit surface area.
- the total surface chrage Q = 4mRz*c (or Q = 4mweyRs°E )

Q = 4m x (6.38 x 10°)%2 x (—1.33 x 1079)

= —6.8%x10°C

Lecture 4: Electric Potential

Electric Potential

Review:
1. Work done by a force to move a particle from point a to point b is
b b
Wasp = fF.dl = chosOdl
a a

2. The work-energy theorem: W,,, = AK = K, — K,
«» If the force is conservative, then

Wosp =Uq—Up=—Up—U,) = —-AU = mgh

3. Conservation of energy: K, + U, = K, + U,

Electric Potential Energy

» When a charged particle moves in an electric field, the field exerts a force that can do work on the
particle. The work can be expressed in terms of electric potential energy.
» Electric potential energy depends only on the position of the charged particle in the electric field.

Electric Potential Energy in a Uniform Field:

A pair of charged parallel metal plates sets up a uniform, downward electric
field with magnitude E. The field exerts a downward force with magnitude

F = q,FE on a positive test charge q, . As the charge moves downward a
distance d from point a to point b, the force on the test charge is constant
and independent of its location. So the work done by the electric field is the
product of the force magnitude and the component of displacement in the
(downward) direction of the force:

W,.,=Fd=q,Ed
This work is positive, since the force is in the same direction as the net
displacement of the test charge.
The force exerted on by the uniform electric field is conservative, just as is
the gravitational force. This means that the work done by the field is

Point charge moving in
a uniform electric field -

+ + +
| X4
N

+

]

E TS
= \\
ek ‘!~<>———Ir——T—¢
1
1 B [

! ”F ¥ qoE X

\ 7/
\ /

/
H Y1)
= -1 -0 = =

T'he work done by the electric force
1s the same for any path from a to b:
W,_p = —AU = quEd
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independent of the path the particle takes from a to b. We can represent this work with a potential-energy
function U, just as we did for gravitational potential energy. The potential energy for the gravitational force was
(F, = —mg) was U = mgy, hence the potential energy for the electric force (F, = —qoE) is
U=4quYy
When the test charge g, moves from height y, to height y;, the work done on the charge by the field is given by
Woop = =AU = =(Up = Ua) = =(90EYp = 40EVa) = 4oE (Vo — ¥p)

A positive charge moving in a uniform field
» If the positive charge moves in the direction of the field, the potential energy decreases, but if the charge
moves opposite the field, the potential energy increases.

(d)"‘z'.v ve charge moves in the direction of F (b)l'nn:'t ¢ churg WES OPPOSIIK /7

icld does positive work on charge Ficld does negative work on cl

A negative charge moving in_a uniform field
» If the negative charge moves in the direction of the field, the potential energy increases, but if the charge
moves opposite the field, the potential energy decreases.

(@) Negative charge moves in the direction of E (b) Negative charge moves opposite E
* Ficld does negative work on charge * Feld does positive work on charge
{ ases y { § Yy
+ + 4 I + “+ ' | + [ | |
E F=g,E E '
w0 § v b
| I
i A
| |
|
Y |
I
! : .-
Va v Vi F=g4,E
r b ¥ T a )
Vi \',.
' [ 0| 1 . 0 t

Example: A point charge ¢ = 8.x 1077 C is raised 5 mm above the negative plate of a parallel plate capacitor

that has an electric field intensity £ = 4 x 10*N/C.
(a) Find the potential energy of the point charge at this location.

(b) Is the potential energy increasing or decreasing and why?
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Solution: (a) The potential energy of the point charge is:

U=qEYy
= (8. X 1079 (4. x 10%)(5. x 1073)
= 1.60 x 107%]
(b) The potential energy is increasing since the charge is moving opposite the direction of the field.

Electric potential energy of two point charges
Consider a point charge g that sets up an electric field in space.
Now a test charge q, is placed at position a a distance 7, from

qo- Then g, moves to position b a distance 13, from q,.

b “haroe o) /
What is the change in the potential energy? :_“l “h‘"-‘l‘ ‘/l“ oY
The change in potential energy is the negative of the work done .0 10 29008

a radial line /

to move the test charge from a to b. ; o

The force on the test charge is given by Coulomb’s law Honyg: /
__1 9% L
 4me, 12 »

> The work done is force times distance. But the force

changes as g, moves away from q .
> The force is not constant during the displacement, and we have
to integrate to calculate the work W/, _,;, done on g, by this force as g,
moves from a to b:

Use dW = F.dr

. — (" _ (" _1 qqo _qqo (1 1
'Wa—>b_fr FrdT— . —Zdr——(—__
a a 4mey T 4TTEY \Tq Tp

The work done on g, by electric field does not depend on path taken, but only on distances 7, and 73, (initial and
end points).

R/

% let’s consider a more general displacement in which a and b do not lie on the same radial line.
The work done on g, during this displacement is given by

b b

Wa_,bsz.cosq)dl:f

Ta Ta

aqo
— dl
Atey 12 cos¢
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if g, returns to its starting point a by a different path, the total work done in
the round-trip displacement is zero

\ F /E
« The electric potential energy U when the test charge g, is at any distance X ; / /A
r from charge q is \ | Hg e/ [
! 9% A
4'7'[60 T ” —
e The sign of the potential energy depends on the signs of the two charges. 7 ' 7
« U = 0when q and q, are infinitely apart (r — ). " ANGE L
(a) -‘n" .l ‘ 1‘ )
The change in potential energy, is the negative .
of this work. f . i A ?
1 1 \
AU=—W=Ub—Ua=—ﬂ(———)
dmeg \r, 1y
“I
(b) ¢ andd g,y hitve opposine sign
Electrical potential with several point charges i
» The potential energy associated with ¢ depends on the other charges and their |
0
distances from qO. > &0 ‘ ®
T I L R ‘
4rteg \1y 15 dreg La 1y
3 |
« The total potential energy associated with a system of multiple charges is
=1y 494 4
o 4TE) Zl<] Tij { '-'I\I
',\",
Example: Two point charges are located on the x-axis,q = —e atx = 0and ?\
1
g =+4+e atx = a. \
2 !
(@) Find the work that must be done by an external force to bring a third ! ;
point charge @ = + e from infinityto x = 2a. \ / " k]
3 Ay
(b) Find the total potential energy of the system of the three charges. \ - g 2N |

agy—
Solution: (a) The work W equals the difference between the potential energy U %o
associated with g; when it is at x = 2a and the potential energy U,, = 0 when it is infinitely far away. So the
work required is equal to U

The distances between the charges are ;3 = 2aand 1,3 = a
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G (01, @2\ _ te (—e +e\  +e?

4me (_ * _)  4me, <_ _) ~ 8mega

W =U=

T3 To3 2a  a

(b) the total potential energy of the three charge systern is
Z q4iq9; (‘h‘h n 4193 N QZ%)
47‘[60 ; 471'60 T12 T13 793
[( e)(e) n (=e)(e) (e)(e)
2a 8neoa

471'60

Electric potential
DEFINITION: Electrical Potential is Potential Energy per Unit Charge

Potential Energy(U
Electric Potential(V) = 9y(U)

Unit Charge(q,)

Units: Volt (V) = J/C = Nm/C
Potential energy and charge are both scalars, so potential is a scalar quantity.
Therefore divide all terms by q,

_ﬂ(l_l)
Wa—>b . & _ % - 477.'60 Ta Tp
qo 90 9o 9o
1 1
Thus V, —V, = —4:—60(2—5)
__qa (X 1N _
OI’ Va - Vb - 4TTE (ra rb) - Vab

The difference V,,;, = V, — V,, is called the potential of a with respect to b. or the potential difference
between a and b
The potential of a with respecttob (V =V -V )equals:

ab a b

v the work done by the electric force when a unit charge moves from a to b.
v the work that must be done to move a unit charge slowly from b to a against the electric force.

» Potential due to a point charge q

U 1 q
V=—
qo 4-7'[60 T
» Potential due to a collection of point charge
_ 1y
Ameg L 1;
4

» Potential due to a continuous distribution of charge

1 dq
4rtey ) T
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Finding electric potential from the electric field

The force F on a test charge q, can be written as F = qyE. The work done by the electric force as the test
charge moves from a to b is given by

b, b
Wy =f F.dlzf qoE. di
a a

If we divide this by g, the result is

(potential difference
as an integral of E)

b b
Vo= /E-(ﬁ = [ Ecos¢dl
Jd a

ELECTRON VOLT
Definition: An electron volt is a unit for energy. It is the work necessary to move an electron (charge e =

1.6 X 10719 ) a potential difference of 1 volt.
The work to move a charge across a potential difference is

W=gqV=(16x10"C)(1V) =1.6x 10719

Therefore,
leV =1.6x 1071

Example: (Potential due to two point charges) ¢
An electric dipole consists of point charges q = + 12 nC and
4, = — 12 nC placed 10 c¢m apart. Compute the electric
potentials at point a, b, and c. Compute the potential energy
associated with a +4 nC point charge if it is placed in a, b, and c.

13.0cm 13.0cm

Solution: At point a: r; = 0.06 m and r, = 0.04 m, so the
potential at a is

1 i 1
= S L (B, ;
Ameg L1y ATEG\T] T ° &
' -9 -9 q 4>
_ 9 (12X10 -12x10 2
=9x10 ( 006 00 ) L-LO ; 6.0 40_,
=-900V cm cm I~ cm

In a similar way you can show that the potential at point b (where r;, = 0.04m and r, = 0.14m )is V, =
1930 V and that the potential at point ¢ (where r; =1, = 0.13m)is . = 0.
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Finding potential by integration

Example: Find the potential at a distance » from a point charge To point b at infinity

q by integrating the electric field.

Solution: The most convenient path is a radial line as shown in .
Figure, so that dl is in the radial direction and has
magnitude dr. Writing dl = rdr

V-0=V=["E-dl

mi

© q
=0~ (er)
T 4me,r

Moving through a potential difference
Example: a dust particle with mass m = 5 X 1077 kg and charge q, = 2 nC starts from rest and moves in a
straight line from point a to point b as shown What is its speed v at point ?

Particle
3.0nC —3.0nC

a b
& o - ) —>e

S 9
’ : 1.0 I 1.0 ‘ 1.0 \
cm cm cm
Solution: Only the conservative electric force acts on the particle, so mechanical energy is conserved: K, +
Ua = Kb + Uba

K, = 0 ( particle starts from rest)

U:qOV, V= 12

4TEY T

1
v qoVe = Emvz + qoVp

2 Va—=V
v = ’QO(a b),
m

o o [3%107° (=3x107%)\ _

--Va—(9><10)< oo+ 002 >_1350V
B o [3%107° (=3x107%)) _
Vb—(9><10)< o2 oot >——1350V

V, =V, = 1350 — (—1350) = 2700V

2(2x1079)(2700)
v:\/ =X 109 =46m/s
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Oppositely charged parallel plates
Example: Find the potential at any height y between the two Y
oppositely charged parallel plates.
Solution
The potential V() at coordinate y is the potential energy ‘ G N
per unit charge: E 9@ —+ —
U E
V) = O _ 9Ey _ Ey y d
o qO
The potential decreases as we move in the direction of from P v b Y \L f
the upper to the lower plate. At point a, where y = d and m
V) =V,
V,—V,=Ed—EO0=Ed
Vab = Ed
W E = Vab
- 2,

where V,,, is the potential of the positive plate with respect to the negative plate. That is, the electric field equals
the potential difference between the plates divided by the distance between them. For a given potential
difference the smaller the distance between the two plates, the greater the magnitude of the electric field.

An infinite line charge or conducting cylinder

Example: Find the potential at a distance r from a very long line of charge with linear charge density A.
Solution: the electric field at a radial distance r from a long straight-line charge has only a radial component
given by E,. = 1/4me,r. We use this expression to find the potential by integrating E.

Since the field has only a radial component, we have E - dl = E,dr. Hence from the potential of any point a
with respect to any other point b at radial distances r,and r,from the line of charge, is

b
b A (Trdr A 1
Va—Vbsz-dlszrdr— f — In—
a
a

2neg ), T 2mey 1,

We set V,, = 0 at point at an arbitrary, but finite radial distance r,. Then the potential V = I/, at point a ata
radial distance r is given

If we choose 1, to be the radius of the cylinder R, so that V = 0 at r = R, then at any point a for which r > R

A l R
_2neonr

|4

Inside the cylinder E = 0, and V has the same value (zero) as on the cylinder’s surface.
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A ring of charge

Example: Electric charge Q is distributed uniformly around a thin ring of radius a. Find the potential at a point
P on the ring axis at a distance x from the center.

Solution: the distance from each charge element dg to P isr = Vx? + a?.
1 q
dteg T

1 dg 1

4mey) v 4Ame, w/xz + g2

1 Q
~4meoVxZ + a2

Potential of a line of charge

Positive electric charge Q is distributed uniformly along a line of length 2a lying along the y-axis between

y = —a and = +a . Find the electric potential at a point P on the x-axis at a distance x from the origin.
Solution: the element of charge dQ corresponding to an element of length dy on the rod is dQ = (Q/2a)dy.

The distance from dQ to P is \/x? + y2, so
dV =

1 Q@ dy
4mey 2a [x2 + y2
j‘ 1 Q(Va*+x*+a
4ne0 2a xz + y? 47‘[60 2a Vaz+x2—a

Lecture 5: Capacitance and dielectric

Capacitance and Dielectrics
e Capacitors and capacitance

» Any two conductors separated by an insulator form a ; | ; capacitor.
» The definition of capacitance is
C = i PR :
: : Vap 2
» The SI unit of capacitance is called one farad (1 F),
One farad is equal to one coulomb per volt v\ L LLtT ) )E)
_C
F=% S
e Parallel-plate capacitor )
» A parallel-plate capacitor consists of two parallel ’ : conducting
plates separated by a distance that is small compared to ‘ their

dimensions.



25
2 s a8l 3alal) A8 Ada )
cibl dlae alug .3

(a) Armangement of the capacitor plates (b) Side view of the electric field E

e o o i s e o S SR

QEARERENEEED.

Wire I Plate a, area A N F

+Q

f A~ : -
&N ; . ‘ \
£ ; N
Potential N £0 d .

\, AEED.

Plate b, area A

difference = Vi, When the separation of the plates
Wire

15 stall compared 1o their size

the fringing of the field is shght

Calculating capacitance

According to ¢ =§ the major task in caleulating C is calculating Vg

_~ Homogeneous field, E=o/e for

Parallel-plate capacitor the limit d« plate dimensions

Using
Charge density r.-F ={§:;_ =
c=0/4 U - | -4_94
s s
d
We obtain the capacitance C of a parallel-plate
capacitor in vacuum as C=g,4/d.

Note: 1F is a huge capacitance. More typical values are
14F=10-5F to 1pF=10-12F
Examplel: The parallel plates of a 1F capacitor are 1 mm apart. What is their area?
Solution: C=¢A.
0

4 cd (1D(1x1073)
€  8.85x10712
Example 2: The plates of a parallel-plate capacitor in vacuum are 5 mm apart and in 2 m? area. A 10kV
potential difference is applied across the capacitor.
Compute (a) the capacitance;
(b) The charge on each plate; and
(c) The magnitude of the electric field between the plates.

= 1.1 X 108 m?2

€0A _ (8.85x10712)(2)

. o = 3.54 X 107°F = 3.54 nF

Solution: () € =
(b) The charge on the capacitor is

Q =CV,y = (3.54 % 1079)(1 x 10%) = 3.54 X 1075 = 35.4uC
The plate at higher potential has charge +35.4uC, and the other

plate has charge —35.4uC.
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(c) The magnitude of the electric field is

Eo O Q  354x107°
€y €pq 885x10712x2

=2 x 10°N/C

cd Farad]

Note: the dimension of €, = — = |——

Q
__Cd_Vp®_Qd _0Qd _ Q _@*_[ Coulomp’
°" A A AVy AEd  ,F " AF " |m2 Newton

Q

A spherical capacitor
Two concentric spherical conducting shells are separated by -7 Inner shell, charge +0
vacuum. The inner shell has total charge +@Q and outer _ Gaussian surface radius
1, and the outer shell has charge —Q and inner radius 73,. Outer shell, charge ~Q
Find the capacitance of this spherical capacitor.

Solution: The potential at any point between the spheres is V = Q /4meyr. Hence the potential of the inner
(positive) conductor at r = r, with respect to that of the outer (negative) conductor at r = 13, is

¢ o
V=V — W= -
ab a b dmegr,  dmegry

__ @ (L_L)z Q -t

d7eghty dmeg  ratp

The capacitance is then

= £ = d7eg Lt
Van rh— Fa
As an example, if r, = 9.5 cmand rp = 10.5 cm, CaDaCitorS in series
(0.095 m){0.105 m) i i ios i
€ = 47(8.85 x 107 F/m) Capacitors are in series if they are connected
one 0.010 m after the other.

=11 % 107 F = 110 pF
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(a) Two capacitors in series

Capacitors in series:
» The capacitors have the same charge Q.
* Their potential differences add:

".s. 57 "/:" = l.'
a

e T
+QxxlE+
—O = ) Vie = Vl

‘{I" =¥ L

i ——R A

N ]

b
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(b) The equivalent single capacitor

a
e

Chargeis
the same i

Equivalent capacitance
is less than the indi-
vidual capacitances:

V' as for the —
individual -0
capacitors.

b

.0
o =L
e © \,
Lol L
E BB

% In a series connection the magnitude of charge on all plates is the same.

c=2
14

) V:%

bt o0t b e ()

The equivalent capacitance of a series combination is given by:

Capacitors in parallel

Capacitors are connected in parallel between a and b if the potential difference

capacitors.
(a) Two capacitors in parallel

Capacitors in parallel:

» The capacitors have the same potential V.

» The charge on each capacitor depends on its
capacitance: @, = C,V, @, = G, V.

a

Vo =V ==& G=0

b

1 1 1

8 = —4 —
Ceq C1 G

1

Ceq

b

(b) The equivalent single capacitor

a

& Charge is the sum of the
+0 individual charges:
Vv ch :_i;_: 0=0 +0,
JL -0 Equivalent capacitance:
;— (—L"I = (-l =5 (_‘1

Potential difference V,,, is the same for all the capacitors.

C=2 o) (Q=CV

%4

Q=01+ Q=CV+CV =V +C) == 2= +(,=C,

The equivalent capacitance of a Parallel combination is given by:

Ceq = Cl + Cz

is Vyp the same for all the
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Example 1: let C; = 6uF and C, = 3uF . Find the equivalent capacitance V,;, = 18 I and the charge and

potential difference for each capacitor when the capacitors are connected
(a) in series and (b) in parallel.

Solution: (a) for a series combination,
1 1 1 1 1 3

Cog G C, 6x10% 3x106 6x1076

Coq =2 X% 107% = 2uF

The charge on each capacitor in series is the same as that on the equivalent capacitor:
Q=CqV=2x10"°x18 =36 x 107° = 36uC.

The potential difference across each capacitor is inversely proportional to its capacitance:

Q0 36x10°
== %x10e %
0 36x10°¢
Vo= = Sqo = 12V

(b) For a parallel combination,

Ceq = Cy + C; = 6UF + 3uF = 9uF
The potential difference across each of the capacitors is the same as that across the equivalent capacitor, 18 V.
The charge on each capacitor is directly proportional to its capacitance:

Q,=C,V=6x10"°x18 =108uC

Q,=C,V =3%x107%x 18 = 54uC

Example 2: Find the equivalent capacitance of the five-capacitor network shown in the Figure.

24.10 (a) A capacitor network between points @ and b. (b) The 12-uF and 6-uF capacitors in series in (a) are replaced by an equiva-
lent 4-pF capacitor. (c) The 3-uF, 11-pF. and 4-uF capacitors in parallel in (b) are replaced by an equivalent 18-uF capacitor.
(d) Finally, the 18-uF and 9-uF capacitors in series in (c¢) are replaced by an equivalent 6-uF capacitor.

@ a ®) a © g @ a

~.. replace these series

=1 _ . / = "l U capacitors by an equivalent
| 12 uF | 1 _l & )\ | capacitor
_[_3;1}: e B 71 | | IpuF o1l iF| 4 pF | = 18;&] 7
6 uF 47 b
—— | | . N e 6 i

—) p,F Replace these series capacitors  =les .. replace these e

T e 9 LE

~—

9 uF
by an equivalent capacitor .. | ' parallel capacitors by *T
an equivalent capacitor

®
b b b b
| % |
12 uF = 6 puF

1
= C' =4 uF
C’ M
C"=3uF + 11 uF + 4 uF = 18 uF
1 l 1

+ Coq = 6 uF
Ceq 18puF  9puF eq —
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Enerqy stored in a capacitor

The potential energy stored in a capacitor is

U= —1CV2—1 14
20 2 _zQ

Example: We connect a capacitor C; = 8uF to a power supply, charge it to a potential difference Vy, = 120V,
and disconnect the power supply. Switch is open. (a) What is the charge Q, on C;?
(b) What is the energy stored in C;?
(c¢) Capacitor C, = 4uF is initially uncharged. We close
switch S. After charge no longer flows, what is the o .J
potential difference across each capacitor, and e R G  —
is the charge on each capacitor? C, = 8.0 uF s._l C, = 40 uF
(d) What is the final energy of the system?
Solution: (a) the initial charge Q¢ on C; is
Qo =C,V, =8x107°%x%x 120 = 960 uC
(b) The energy initially stored in C; is

1 1
Uinitial = EQOVO = E X 960 %X 10_6 X 120 = 0058]

(c) The charge Q, is distributed over the two capacitors.

Qo =01 +0Q;

Since the two capacitors are connected in parallel, V is the same for both.

]

what

| II.
+

Qo  960uC
C,+C, 8uF +4uF
(d) The final energy of the system is

1 1 1
Ufinal = EQIV +EQZ +§Q0

V= =80V

=~(960 x 107°)(80) = 0.038

Electric-Field Energy
We can charge a capacitor by moving electrons directly from one plate to another. This requires doing work
against the electric field between the plates. Thus we can think of the energy as being stored in the field in the
region between the plates. To develop this relationship, let’s find the energy per unit volume in the space
between the plates of a parallel-plate capacitor with plate area A and separation d. We call this the energy
density, denoted by u,

1
stored potential energy ECVZ
Volume Ad

energy density = u =

. : A e
The capacitance is C = ¢, ” and the potential is given by V = Ed
Therefore,

1, A
5 (o P (E*d?) 1
= = —60

) Ad 2
= 2(960 x 107°)(80) = 0.038 ]

2

EZ

> ] <
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Example:

(a) What is the magnitude of the electric field required to store 1 J of electric potential energy in a
volume of 1m? in vacuum?
(b) If the field magnitude is 10 times larger than that, how much energy is stored per cubic meter?

Solution: (a) U= l e E2
=5€o

2
E 2u 2 475 x 10°N/C
= _— = —_— = 4, X
€o 8.85 x 1012 /

(b) Since u is proportional to EZ, so if E increases by a factor of 10 then u increases by a factor of 102. So the
energy density becomes u = 100 J /m3

Dielectrics

A dielectric is_a non-conducting material that, when placed between the plates of a capacitor, increases the
capacitance.

% Dielectrics include rubber, plastic, and waxed paper
» If the dielectric completely fills the space between the plates, the capacitance increases by a factor
K called the dielectric constant

_C
K = /C0
No dielectric with dielectric
Q Q
Cyo=— .
0 Vo ¢= |74

VG

Since K>1 mmmm) V<V, =) ¢ > C

0=Clo=CV mmmp Ny ommmh iy
0

» The capacitance when the dielectric is present between two plates of area
A and d apart is given by

A A
C=KCO=KEOE=EE

€ = Keg
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Example: Suppose the parallel plates each have an area of (0.2m? ) and are (1cm ) apart. We connect the
capacitor to a power supply, charge it to a potential difference V, = 3 kV and disconnect the power supply.
We then insert a sheet of insulating plastic material between the plates, completely filling the space between
them. We find that the potential difference decreases to 1 kV, while the charge on each capacitor plate
remains constant. Find

(a) The original capacitance.

(b) The magnitude of charge on each plate;

(c) The capacitance after the dielectric is inserted;

(d) The dielectric constant of the dielectric;

(e) The permittivity € of the dielectric;

(f) The original electric field E, between the plates; and
(9) The electric field E after the dielectric is inserted.

Solution: (a) With vacuum between the plates, K = 1

A 0.2
Co = €07 = (8.85 x 10-12)m =1.77 x 10710

(b) Q =CoVp =177 x 10710 x 3x 103 =5.31x 1077 C

(c) When the dielectric is inserted, Q is unchanged but the potential difference decreases
toV = 1 kV. Hence, the new capacitance is
_Q 531X 1077

== —531x1071°F
C=v="Tx10s —>31x10

(d) The dielectric constant is

C 531x1071

Vo _ 3000
G- 1771010 3

or kK=%=3%

v~ 1000

(e) The permittivity of the dielectric is

€ =Key=3x8.85x 1012
=2.66 X 10711C2/Nm?

(f) Since the electric field between the plates is uniform, its magnitude is the potential
difference divided by the plate separation:

Ey=2 =395 105y
°=d T 001 /m
(g) After the dielectric is inserted,
V1000
E=—=——=1x10°V/m

d 0.01
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Lecture 6: Current, resistance, and electromotive force

Current
A current is any motion of charge from one region to another. Current is defined as
aq
[ =—
dt Conducton withe o E fleld
. . . . . u . .
In electrostatic situations the electric field is zero everywhere inside the
conductor, and there is no current. However, this does not mean - : -, that all
charges within the conductor are at rest. In an ordinary metal such : as copper or
aluminum, some of the electrons are free to move within the /Y \ conducting
material. These free electrons move randomly in all directions, M AL 4 Y somewhat
. . \ / x" \ \

like the molecules of a gas but with much greater speeds, of the ( | /AR order
0f10%m/s. The electrons nonetheless do not escape from the W/l g4 conducting
material, because they are attracted to the positive ions of the W' % : material. The
motion of the electrons is random, so there is no net flow of charge in any

direction and hence no current.

» An electric field in a conductor causes charges to flow. . L2 :
Now consider what happens if a constant, steady electric field Eis : established

inside a conductor. A charged particle (such as a free electron) inside the
conducting material is then subjected to a steady force F = gE. If the charged particle were moving in vacuum,
this steady force would cause a steady acceleration in the direction of F and after a time the charged particle
would be moving in that direction at high speed. But a charged particle moving in a conductor undergoes
frequent collisions with the massive, nearly stationary ions of the material. In each such collision the particle’s
direction of motion undergoes a random change. The net effect of the electric field E is that in addition to the
random motion of the charged particles within the conductor, there is also a very slow net motion or drift of the
moving charged particles as a group in the direction of the electric force F = gE. This motion is described in
terms of the drift velocity v, of the particles. As a result, there is a net current in the conductor.

The current through the cross-sectional area A is defined as the net charge flowing through the area per unit
time. Thus, if a net charge dQ flows through an area in a time dt , the current through the area is

_ 0

] =—~
dt

The Sl unit of current is the ampere; one ampere is defined to be one coulomb per second. 1A = 1C/s

Current, drift velocity, and current density

_Suppo;e there are n moving charged particles per unit volume. We call n the concentration of particles; its SI unit
Ism -,
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Assume that all the particles move with the same drift velocity with

-\ magnitude v,

Inatime interval dt , each particle moves a distance v,;dt The ../ particles that
flow out of the right end of the shaded cylinder with length - : vgdt during
dt are the particles that were within this cylinder at the beginning of
the intervaldt . The volume of the cylinder isAv, dt, and the e number of
particles within it isnAv, dt. If each particle has a charge g, the o charge dQ

that flowsout of the end of the cylinder during time dt is
dQ = q(nAv,dt)

And the current is 9 9, E

]

d
Current / = —=

“I'

The current per unit cross-sectional area is called the current density J,

I
J =~ =nqu,

The Sl units of current density are amperes per square meter (4/m?).

If the moving charges are negative, the drift velocity is opposite to E but the current is still in the same direction
as E at each point in the conductor. Hence, the current | and the current density J do not depend on the sign of
the charge, and so we use the absolute value of the charge|q]|:

dQ
1= T n|qlvzA
— I —
J =5 =nlalvg

Example: An 18-gauge copper wire (the size usually used for lamp cords), with a diameter of 1.02 mm carries a
constant current of 1.67 A to a 200-W lamp. The free-electron density in the wire is 8.5 X 102 per cubic meter.
Find

(@) The current density and

(b) The drift speed.

Solution: (a) The cross-sectional area is
md*  mw(1.02 x 1073%)?

A= = =8.17 X 107 "m?
4 4 m
The magnitude of the current density is
= ) 0ax 108 a/m?
J= AT g7 x107 ~ ~ /m
(b) The drift velocity
Ji 2.04 x 10°

= = =15% 10—4— =0.15
Vg nlg] (8.5x1028)|-1.6 x 10719 m/s mm/s
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< Resistivity

» The resistivity (p)of a material is the ratio of the electric field in the material to the current density it causes:

v/m)

(4/m?)

» A perfect conductor would have zero resistivity, and a perfect insulator would have an infinite
resistivity. Metals and alloys have the smallest resistivity and are the best conductors.

» Semiconductors have resistivity intermediate between those of metals and those of insulators. These
materials are important because of the way their resistivity is affected by temperature and by small
amounts of impurities.

» The units of pis =V.m/A

« The conductivity(o) is the reciprocal of the resistivity. | o = >

» The resistivity of a metallic conductor nearly always increases with increasing temperature.

» As temperature increases, the ions of the conductor vibrate with greater amplitude, making it more
likely that a moving electron will collide with an ion, this impedes the drift of electrons through
the conductor and hence reduces the current.

> Over a small temperature range (up to 100%0r so0), the resistivity of a metal can be represented
approximately by the equation

p(T) = po[1+ a(T —Ty)]

where p, is the resistivity at T, a reference temperature (often taken as 0°C or 20°C ) and p(T) is the resistivity
at temperature T, which may be higher or lower than T, The factor « is called the temperature coefficient of
resistivity.

Lower

. Current flows from potential
% Resistance b0 lowy
e For a conductor of length L and cross-sectional electric potentia //’71 area A4, the
potential difference between its ends is V. Hicher : ',_,//
o the electric field is £ =Y and potential | _~ Z o
' LI // l/’ I £
o the current density | = — i : /
A P” ‘._' /J/’, ./‘//
— e /,\"'- potential
e butk =p/ A / / difference
= between ends
% I pL s
s-=p—y,s0 V==—1
L A A

The constant of proportionality between V and I is the resistance R
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» The equation V' = IR is called Qhm’s law.

* Color code for resistors and symbols in circuit diagrams

¢ This resistor has a resistance of 5.7 kQ with a tolerance of £10%.

Color Codes for Resistors

Value as Value as
Color Digit Multiplier

Black a l Second digit  Multplier

Brown | 10 Tolerance

Red 2 10

Orange 3 107 /

Yellow 4 10" ‘,,»_f/’:-‘
Green 5 ( T =

Blue 6 10°

Violet 7 < ||v<

Gray 8 10

White 9 1!

R=5700 Q=5.7 kQ £10%

Because the resistivity of a material varies with temperature, the resistance of a specific conductor also varies
with temperature.

Where R, is the resistivity at T, (often taken as 0°C or 20°C) and R(T) is the resistivity at temperature T, the

temperature coefficient of resistance « is the same as for the resistivity if L and A do not change appreciably
with temperature .

Example: A copper wire has a cross-sectional area of 8.2 X 1077 m?. It carries a current of 1.67 A and of
resistivity 1.72 X 1077 2 .m. Find
(@) The electric-field magnitude in the wire;

(b) The potential difference between two points in the wire 50 m apart;

(c) The resistance of a length 50 m of this wire.
Solution: (a) the electric field magnitude is
pl 1.72x1077 x 1.67
E=p == g2x107
(b) The potential difference is

V =EL=0.035x50=1.75V
(¢) The resistance of 50 m of this wire is
o PL_ 172X 1077 x 50

= 0.035V/m

A~ Bs2x10 L0548
> the same result can be found from
R—V—1'75—105.(2
1 167

Example 2: Suppose the resistance of a copper wire is 1.05 Q at 20° Find the resistance at 0°C and 100° C.
The temperature coefficient of copper is 0.00393 (C) 1.
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Solution:
> the temperature at T = 0°C is
R(0) = Ry[1+ a(T —T,)]
= 1.05[1 + (0.00393)(0 — 20)] = 0.97 2
> the temperature at T = 100°C is

R(100) = 1.05[1 + (0.00393)(100 — 20)] = 1.38 2
% FElectromotive Force and Circuits

In an electric circuit there should be a device that acts like the water pump in a fountain (source of emf.)
In this device, the charge travels “uphill” from lower to higher V (opposite to normal conductor) due to the
emf force.

% emf (&) is not a force but energy/unit charge

Units: 1 V=11J/C
» emf device convert energy (mechanical, chemical, thermal) into electric potential energy and transfer it to

>
>

circuit.
» Every complete circuit with a steady current must include some device that provides emf
Electromotive force and circuits

©  Let’s have alook at an ideal source of emf in the force picture

v Terminal at highen

potential

T — | nonelectrostatic
o force movingthe charge slowly frombfo @

TE: = E F, doeswork

a

Terminal %

Ve erminal | Wn=[£n(i£=q[
at lower potential 5

=gV,
For an ideal source of emf

"[ V=&

a
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O Internal resistance

O Let's integrate a real seurce into a complete circuit

Charge moving through real source
experiences resistance (a friction

Terminal at higher
Ve W—é 'FGPCE‘-} a
42| =LcE -, = [Edr=g& >av,
£ -]
% .z if internal resistance, r, chmic
F =g |E
R | = &=V, +1Ir
at lower potential .
= Terminal voltage of a source
with internal r‘e.si:mnge.
V,=&-1Ir

© Let's integrate the ideal source into a complete circuit
I

wire with non-zero
resistance R

Terminal af higher |

Ve
potential
F —— e
1= [ E=E,=1IR
A Mﬂ The current in the external circuit
ot lower potenticl connected to the source terminals
a and b is still determined by
Viy = IR
. 7 e—Ir=1IR
£
— - I =
R+7r

Example 1: The figure shows a source (a battery) with emf and internal resistance = 2(2 . The wires to the left of
a and to the right of the ammeter A are not connected to anything. Determine the respective readings Vy,;, and [
of the idealized voltmeter V and the idealized ammeter A.

Solution: There is zero current because there is no complete circuit. (Our idealized voltmeter has an infinitely
large resistance, so no current flows through it.) Hence the ammeter Vip

reads I = 0. Because there is no current through the battery, there is vV, =&
no potential difference across its internal

resistance. From V,;, = ¢ — Ir with [ = 0 the potential difference V,,
across the battery terminals is equal to the emf. So the voltmeter reads _._A/V\Ail |_‘_®._
Vap = € = 12V . The terminal voltage of a real, nonideal source equals “ . ' L

the emf only if there is no current flowing through the source, as in this
example.

©
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Example 2: We add a 4 2 resistor to the battery in Example 1, to form a complete circuit. What are the

voltmeter and ammeter readings V,;, and I now? Vp = Vo
Solution: The current through the circuit aa’b’b is D
€ 12 &

R+r 442 a V\/‘/‘-t“ b
the idealized ammeter have zero resistance, so there is no potential
difference between points a and b or between points @’ and b’ that is, 1 r=2Q.£=12V Tl
Vap = Vyrp,, - We find V,, by considering a and b as the terminals of the = AAAA &
resistor. From Ohm’s law ¢ gp=an @&

Vi =IR=2(4) =8V
we can consider a and b as the terminals of the source. Then,
Vop=e—Ir=12—-(2x%x2) =8V
Either way, we see that the voltmeter reading is 8 V. (a
< Using voltmeters and ammeters

Example 3: We move the voltmeter and ammeter in Example 2 to different
positions in the circuit. What are the readings of the ideal voltmeter and ammeter
in the situations shown in figure (a) and (b)?

Solution: (a) The voltmeter now measures the potential difference between points
a’and b’ As in Example 2, V,;, = V1, , so the voltmeter reads the same as in
Example 2 V,,;,, = 8V.

(b)

(b) There is no current through the ideal voltmeter because it has infinitely large
resistance. Since the voltmeter is now part of the circuit, there is no current at all
in the circuit, and the ammeter reads I = 0.

As in Example 1, there is no current, so the terminal voltage equals the emf, and

the voltmeter reading is V,,, = ¢ = 12V

» A source with a short circuit

Example 4: In the circuit of Example 2 we replace the resistor with a zero-
resistance conductor. What are the meter readings now?
Solution: since there is no external resistance in the circuit. We must have
Voo =IR=1(0) =0
We can therefore find the current /
Veip=€—1Ir=0

..,1=E=12_2=6A R=0

» Potential changes around a circuit |i

i
-

The net change in potential energy for a charge ¢ making a round trip around a
complete circuit must be zero. Hence the net change in potential around the circuit
must also be zero; in other words, the algebraic sum of the potential differences
and emfs around the loop is zero. vl

e—Ir=1IR -
e—Ir—IR=0 gl
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A potential gain of ¢ is associated with the emf, and potential drops of /7 and /R are associated with the internal
resistance of the source and the external circuit,
If we take the potential to be zero at the negative terminal of the battery, then we have a rise € and a drop /7 in

the battery and an additional drop /R in the external resistor, and as we finish our trip around the loop, the
potential is back where it started.

 Energy and power in electric circuits

In electric circuits we are most often interested in the rate at which energy is either delivered to or extracted
from a circuit element. If the current through the element is /, then in a time interval d¢ an amount of charge
dQ = Idt passes through the element. The potential energy change for this amount of charge is V,,dQ =
V,pIdt. Dividing this expression by dt, we obtain the rate at which energy is transferred either into or out of the
circuit element. The time rate of energy transfer is power, denoted by P, so we write

P = V,,I | The unit of poweris Watt 1 W = 1]/s v, Vi
» Power Input to a Pure Resistance Sel:;f::[
If the circuit element in the figure is a resistor, the potential difference is _L;,C:. .::, L>
Va.p = IR. Then, the electrical power delivered to the resistor by the circuit is a b
Vap®
P=V,I=1°R=-"

This power is usually dissipated in the resistor as heat
Example: The power rating of a light bulb (such as a 100-W bulb) is the power it dissipates when connected
across a 120-V potential difference. What is the resistance of
(@) a 100-W bulb and (b) a 60-W bulb? (c¢) How much current does each bulb draw in normal use?
v _ (120)2 vZ _ (120)%

Solution: (3) R = — = 144 Q (b)R =% = =240 Q
P 100 P 60

(c) For the 100-W bulb: I =V /R =120/144 = 0.833 A

For the 60-W bulb: I =V /R =120/240 = 0.5 A
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Lecture 7: Direct Current circuit

\/
0’0

Direct Current

« When the current in a circuit has a constant direction, the current is called direct current

« Most of the circuits analyzed will be assumed to be in steady state, with constant magnitude and
direction

- Because the potential difference between the terminals of a battery is constant, the battery
produces direct current The battery is known as a source of emf

emf and Internal Resistance
A real battery has some internal resistance 7 ;

therefore, the terminal voltage is not equal to B S =)
the emf 4 =S b
The terminal voltage: AV =V, =V, ( S

AV = -1, /I b e e m e
For the entire circuit (R — load resistance): 2 \
- £ 3
e =4V + L. —AW\ "( -
= IR + I, i (b) o

& 1s equal to the terminal voltage when the current is zero — open-circuit voltage

I =¢/(R + 1)

The current depends on both the resistance external to the battery and the internal resistance
When R >> r, r can be ignored.

le =1?R +1%r

When R >> r, most of the power delivered by the battery is transferred to the load resistor, I  can be
ignored

Resistors in Series

When two or more resistors are connected end-to-end, they are said to be in
series.

The current is the same in all resistors because any charge that flows —Ny—
through one resistor flows through the other. ‘

The sum of the potential differences across the resistors is equal to the total
potential difference across the combination.

11=12:I

Power relationship:

AV = IR, + IR, = I(Ry + Ry) = IR,

Where Roq = Ry + R,

The equivalent resistance has the effect on the circuit as the original combination of resistors
(consequence of conservation of energy)
For more resistors in series:
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Req - Rl + Rz + R3+...

The equivalent resistance of a series combination of resistors is greater than any of the individual
resistors

204 400 5016 700 18002
R R, Ry R

{n) 6.0\ (h) 6.0\

s Resistors in Parallel

The potential difference across each resistor is the same because each is AV, =AVa= AV
connected directly across the battery terminals R
Wy
LR =1,R, =AV o
il Ry
The current, I, that enters a point must be equal to the total current ab AMA ob
leaving that point (conservation of charge) 1‘ 7
el
[
The currents are generally not the same {l.-\v
AV AV 1 1 AV
=140, =20 oy == | =28 -
R, R R, Re R, W R
q
1 1 1 Wy
S | R —
Req Rl RZ 4 T
»  For more resistors in parallel:
/ AV
e 1 1 1 1 qr
a — =t —+...

Req R1 Rz Rs

NOH M
8 FT » The inverse of the equivalent resistance of two or more resistors
SO0 9082 connected in parallel is the algebraic sum of the inverses of the individual

resistance

> The equivalent is always less than the smallest resistor in the
group

b
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> Problem-Solving Strategy

Combine all resistors in series. They carry the same current
The potential differences across them are not necessarily the same
» The resistors add directly to give the equivalent resistance of the combination:

Req=R1+R2+...

v v

Combine all resistors in parallel

The potential differences across them are the same

The currents through them are not necessarily the same

The equivalent resistance of a parallel combination is found through reciprocal addition:

vV v v Vv

1 1 1
— =t —t..
Req Rl RZ
» A complicated circuit consisting of several resistors and batteries can often be reduced to a simple

circuit with only one resistor

» Replace resistors in series or in parallel with a single resistor Y
» Sketch the new circuit after these changes have been made 800 400 II
» Continue to replace any series or parallel combinations g W"_/’W" l’ 2 ¢
» Continue until one equivalent resistance is found f L
| 5.0 162
If the current in or the potential difference across a resistor in the oyl . SRiEa
complicated circuit is to be identified, start with the final circuit and . g '
gradually work back through the circuits (use formula AV =1R and the No?
procedures describe above) W e SR
Example 1: Find the equivalent resistance of the network in the figure below and the current in each resistor.
The source of emf has negligible internal resistance.
@ Solution:
A 1. Reduce the parallel resistors 3 and 6;
+|lg—l<\\.l—0 1 1 1 1
L —_—=—-4-=- “R=20
R 3 6 2
| | (d)
N
(b) (©) ! 18Y
+I= 18V +|= 13V 2. Next get the equivalent series resistor 4
| . ! and 2; a S0
am, Ry =4+2=60 e
a 40 ¢ 20 a 60 3A

18Y



43
2 sL il s3alall A Us
d,)hl AS)\J,\Q @LMJ 4

3. The current through the equivalent resistor is

%4 18
I=2=—=34
Ry 6
4. The current in the 3 and 6 resistors (parallel resistors) is also 3 A. The potential @)
difference I/, across the 2(2 resistor is therefore V., = IR = 3 X 2 = 6 V. This potential 4, 18Y
difference must also be over the 6.2. &
a 40 ¢ 20
— [—
3A 3A
H/_/ H/_/
® 12y 6V
5. Thus, the current in the 6.2 and 3/ resistors is 4, £=18V.r=0
6 r
Ic===1A
° "6
I; = °_ 2A
3 - 3 -

Example 2: Two identical light bulbs, each with resistance R = 2.2 are connected to a source with ¢ = 8 I/ and
negligible internal resistance. Find the current through each bulb, the potential difference across each bulb, and
the power delivered to each bulb and to the entire network if the bulbs are connected

(@) In series and

(b) In parallel.
(c) Suppose one of the bulbs burns out; that is, its filament breaks and current can no longer flow through it.
What happens to the other bulb in the series case? In the parallel case?
Solution: (a) Light bulbs in series

(a) The equivalent resistors for series combination is & =8 YV, r=0

Reg=R;+R;=2+2=40 Il
The current is the same in both bulbs
I = E = § =2A
R eq 4
Since the bulbs have the same resistance, the potential difference is the same across each bulb:
Vop =Vpe =2X2=4V
The power delivered to each bulb is
P=I’R=4x2=8W
The total power delivered to both bulbs is
Piot =2P =2X8=16 W
(b) For the parallel combination the potential difference V,;, across each
bulb is the same and equal to 8 V, the terminal voltage of the source.
Hence the current through each light bulb is

s R=20 |, R=2Q

(b) Light bults kn paralici
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[=Yde_8_ 44
R 2

and the power delivered to each bulb is

P=I’R=16%x2=32W

Both the potential difference across each bulb and the current through each
bulb are twice as great as in the series case. Hence the power delivered to each
bulb is four times greater, and each bulb is brighter.

(c) In the series case the same current flows through both bulbs.

If one bulb burns out, there will be no current in the circuit, and neither bulb
will glow.

In the parallel case the potential difference across either bulb is unchanged if a bulb burns out. The current
through the functional bulb and the power delivered to it are unchanged.

Kirchhoff’s Rules

»  There are ways in which resistors can be connected so that the circuits formed cannot be reduced to a
single equivalent resistor

» Two rules, called Kirchhoft’s Rules can be used instead:

» 1) Junction Rule

» 2) Loop Rule

» Junction Rule (A statement of Conservation of Charge):
The sum of the currents entering any  junction must equal the sum of the currents
leaving that junction

» Loop Rule (A statement of Conservation of Energy):

The sum of the potential differences across all the elements around any closed circuit loop
must be zero

Kirchhoff’s Junction Rule

The algebraic sum of the currents into any junction is zero. That is, )./ = 0 ==

or 11 = Iz + 13 \"

»  Assign symbols and directions to the currents in all branches of the circuit.

»  If adirection is chosen incorrectly, the resulting answer will be negative, but the — ,, ., 5
magnitude will T, Flowau

&
be correct N T—

Kirchhoff’s Loop Rule PRI

The algebraic sum of the potential differences in any loop, including those associated with emfs and those of resistive

elements must equal zero. Thatis Y.V = 0

Sion Conventions for the Loop Rule

» When applying the loop rule, choose a direction for traveling the loop and record voltage drops and rises

as they occur.
» Starting at any point in the circuit, we imagine traveling around a loop, adding emfs and /R terms as we

come to them. /
> If we travel through a resistor in the same direction as the current, = W
. . . . L
the potential across the resistor is decreasing (— IR) a b

AV=V,-V,= -IR
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/
> If we travel through a resistor is in the direction opposite to the hmn——
current, the potential across the resistor is increasing (+IR) ¢ MWy *

» If asource of emf'is in the direction of the emf (from - to +), 4
the change in the electric potential is +& ol i | /'
a h
AV=V,-V,= +&
» If asource of emf'is in the direction opposite to the emf E
(from + to —), the change in the electric potential is — & ° + i = °
a b

AV=V,-V = =&

a

Problem-Solving Strategy

Draw the circuit diagram and assign labels and symbols to all known and unknown quantities
Assign directions to the currents

Apply the junction rule to any junction in the circuit

Apply the loop rule to as many loops as are needed to solve for the unknowns

Solve the equations simultaneously for the unknown quantities

Check your answers

Example 1: The circuit shown in Figure contains two batteries, each with an emf and an internal resistance, and
two resistors.
Find

(@) The current in the circuit,

v v v v v v

(b) The potential difference and The power output of the emf of each battery

Solution:
(a) Starting at a and traveling counterclockwise with the current, we add

potential increases and decreases and equate the sum to zero. Then
41 —-4—-71+12-21-31=0

—161 =8 e
I=054 —
Positive result for I shows that our assumed current direction is correct - "N"\i"
(b) To find the potential difference V,;, the potential at « with respect to b, 40 4v

we start at » and add potential changes as we go toward «a. There are two paths from b to a; Taking the
upper path from point 4 to a, we find

Vo =12—-(05%x2)—(05%x3) =95V
Here the IR terms are negative because our path goes in the direction of the current, with potential
decreases through the resistors.
If we take the lower path from b to a, we find
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Vap =(05%X7)+4+(05%x4)=95V
The results for V,, are the same for both paths, as they must be in order for the total potential change
around the loop to be zero.
(c) The power outputs of the emf of the 12-V and 4-V batteries are
P, =el=12x05=6V
P,=¢el=-4x%x05=-=-2V
The negative sign in ¢ for the 4-V battery appears because the current actually runs from the higher-
potential side of the battery to the lower-potential side. The negative value of P means that we are
storing energy in that battery; the 12-V battery is recharging it (if it is in fact rechargeable; otherwise,
we’re destroying it).

Example 2: In the circuit shown in the figure below, a 12-V power supply with unknown internal resistance  is
connected to a run-down rechargeable battery with unknown emf ¢ and internal resistance 1.2 and
to an indicator light bulb of resistance 3(2 carrying a current of 2 A. The current through the run-
down battery is 1 A in the direction shown.

Find r, emf , and the current I through the power supply.

b

Solution: We apply the junction rule to point a

—-I1+1+2=0

~1=3A

To determine r, we apply the loop rule to the large, outer loop (1):
12-3r—-2x3=0

T =21

To determine ¢ we apply the loop rule to the left-hand loop (2):
-+ (1AXx102)-(2A%x32) =0

L e=-=5V
The negative value for € shows that the actual polarity of this emfis opposite to that shown in the figure, the
battery is being recharged

Example 3: The figure shows a “bridge” circuit. Find the current in each resistor and the equivalent resistance of
the network of five resistors
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13N ]
I,+13T

Solution: We apply the loop rule to thé three loops shown:
B3V-5L(1Q)—-(,—-5LK)(1Q)=0 (1)

—L(18) - (L4 L)@ER)+13V=0 @
~L(1Q)—-K(1Q)+5(109)=0 (3

Solve these simultaneous equations for the currents;
Fromeqn. (3) I, =I; + I3 and then substitute this expression into Eq. (2) to eliminate/, . We then have

—(L 4+ L) =2, +13)—21;+13 =0

31, +5I; =13 4)
From eqn. (1) 2, — I3 =13 (1) x5
131, =78
~ 1, = 6A
substitute this result into Eqn. (1) I; =—-1A
And from Eqn. (3) we find I, =5A

The negative value of I3 shows that its direction is opposite to the direction we assumed. The total current
through the network is /; + I, = 11A. And the potential drop across it is equal to the battery emf, 13 V. The
equivalent resistance of the network is therefore

13
Req =77 =120

Example 4: use the results from example 3 to find the potential difference V,,

13V "o

Il+13T

Solution: V,p, =V, — Vj, is the potential at point a with respect to point 5. To find it, we start at point » and
follow a path to point a, adding potential rises and drops as we go. We can follow any of several paths from b to
a; the result must be the same for all such paths, which gives us a way to check our result.
The simplest path is through the center 1.2 resistor.

In Example 3 we found /5 = — 1 A, showing that the actual current direction through this resistor is
from right to left.
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Thus, as we go from b to a, there is a drop of potential with magnitude
Voy=LR=—-1x1=-1V,
The potential at @ is 1 V less than at point b.

Lecture 8: RC circuits

RC Circuits

A circuit that has a resistor and a capacitor in series is called an R-C circuit.
» Capital letters: V, O, I (constant)

» Lowercase letters: v, 7, ¢ (vary with time)
R/ H H .
“ CharCan a Capaqto.r'. o . . (a) Capacitor initially uncharged
(a) Because the capacitor is initially uncharged, the potential difference Switch

vy = 0 att = 0. at this time, from Kirchhoff’s loop law, the voltage v, open.
across the resistor R is equal to the battery emf €. The current through _l [
the resistor is given by Ohm’s law

Iy =vgy/R =¢/R

=0 qg=20
(b) As the capacitor charges, its voltage v, increases and v, decreases. (b) Charging the capacitor
At an intermediate time, ¢, let ¢ represent the charge on the capacitor, then, : Switch
the instantaneous potential differences oy olosed
Vap = iR | =
be =q/C :
Using these in Kirchhoff’s loop rule, we find that The potential drops by an +q —q
amount /R as we travel from « to b and by q/C as we travel from b to c. —.—r\/\/\/u.—l |-—.—
; q . € q
“E—IR—==0 cl=—=——
C R RC

As the charge ¢ increases, the term g /RC becomes larger and the capacitor charge approaches its final value Q.
The current decreases and eventually becomes zero. When i = 0
e _Qf

== 0 S0 Qr = Ce
Note that the final charge does not depend on R.
] dq e q 1 ( ce)
'YWt R RcT "RCYUTE
dq 1

q—Ce__E
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and then integrate both sides. We change the integration variables to ¢ " and #” so that we can use ¢ and 7 for the

upper limits. The lower limits are q' =0andt' =0 (a) Graph of current versus time for a charging
q t capacitor
f f |
q —Ce I
0

The current decreases

In q- Ce = — i 5 exponentially with time as
—Ce RC [“/“ ______ the capacitor charges.
[n/(' —————————

Taking the exponential of both sides and solving for ¢ |
q f— Cg t ] RC

—Cs¢

= e RC

t t
ng = Ce (1 — e_R_C) = Qf (1 = e_ﬁ)
The instantaneous current i is just the time derivative of ¢

: dq A o
i== Re URC — [ o~1RC

Time Constant
After a time equal to RC, the current in the R-C circuit has decreased to 1/e (about 0.368) of its initial value. At

this time, the capacitor charge has reached (1 — 1/e) = 0.632 of its final value Q. The product RC is
therefore a measure of how quickly the capacitor charges. We call RC the time constant or the relaxation time
of the circuit, denoted by 7;

T =RC
_dq _ &€ _yre —tIRC _t _t
=g = Iye g = — e RC| = —e RC
di R 0 q=Ce(l—e Qrll—e
(@) Graph of current versus time for a charging (‘b) G'rapll oF c‘ziipacnor ghiarge versus (e Tor
capacitor charging capacitor
i q
i R
Q:‘/"
The current decreases L )I/_ i3 The charge on the
5 exponentially with time as Q,-/Z —————— | capacitor increases
I.,/._ —————— the capacitor charges. : exponentially with
ln/t’ ————————— : time toward the
: i final value Qf
! t 0 RC
0 RC




50
2 sL il s3alall
;.i,,\hl Amdgﬁ @Mj 4

Discharging a Capacitor:
Now suppose that after the capacitor in (a) has acquired a charge @, we remove the battery
from our R-C circuit and connect points a and c to an open switch.

We then close the switch and at the same instant reset the time to ¢ = 0 at that time,
the capacitor then discharges through the resistor, and its charge eventually decreases
to zero.

Again let i and g represent the time-varying current and charge at some instant after
the connection is made. We make the same choice of the positive direction for

current. Then Kirchhoff’s loop rule with ¢ = 0 now gives:

Vap = iR

The current 7 is now negative; this is because positive charge q is leaving the left
hand capacitor plate, so the current is in the direction opposite to the charge direction

Attime t = 0, g = Q,, the initial current is I, = —Q,/RC.
To find ¢ as a function of time, again change the limits to ¢ "and 7’ and integrate

A8 Ada )

Switch
open
-~ o—

i=0 Qs —Cy
a R b ” C
c

(a) Capacitor initially charged

Switch
closed
i
g« FR
a R b | c
C
(b) Discharging the capacitor

Switch

closed

Sl

i

i +q —q

a R b | c
c

(b) Discharging the capacitor

q t
dg__1 [, DSy nt=-— ) _t
7 kel Qo RC q = Qoe RC
Qo 0
. .. t t
The instantaneous current 7 is — d_q _ Qo e RC = [,e RC
dt RC
: - a) Graph of current versus time for a
(b) Graph of capacitor charge versus time () . p IR
> : . ) discharging capacitor
for a discharging capacitor : e Qy __t L
t i _T__Fﬁ .'Ef.'—frg RC
; _ v )
! q = Qe RC ke de ke
) 0 T
o The charge on the capacitor : -
decreases exponentially as the 7 TEREEER s ! The current
Qﬁ/— _____ capacitor discharges. [“ v R decreases exponen-
Qn/" ________ tially as the capacitor
: discharges. (The current is
} t I negative because its direction
o RC 9 is opposite to that in Fig. 26.22.)
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During charging:
The instantaneous rate at which battery delivers energy to circuit
iq
. . 2
gl =Ii“R+—
C

i’R = power dissipated in R

iq/C = power stored in C

Total energy supplied by battery: £Q;
Total energy stored in capacitor: Qf €/2

Electrical Measuring Instruments

Ammeter: device that measures current, (R = 0) (@) Moving-coil
» It can be adapted to measure currents larger than its full scale ammeter
range by connecting R, (shunt resistor) in parallel (some /
bypasses meter coil).

Iy = Igp + I

Iz = current through coil

Isp, = current through Ry,
I, = current measured by ammeter -—>
The potential difference Vy,, is the same for both paths, so !

=
I

Istc = IgpRgp,

Vap = Istc = (Ia - Ifs)Rsh

Example: What shunt resistance is required to make the 1mA4, 20Q meter described above into an ammeter with
a range of 0 to 50 mA?

Solution: Ifs =1x 10_3A, I, =50 X 10_314, R. =200
Istc = (Ia - Ifs)Rsh

R = IgsRe  1X 1073 x 20 — 0.4080
N (la—1Is) (G0—1)x107%
Voltmeter: device that measures voltage, (R = oo) (b) Moving-coil
» It can be adapted to measure voltages larger than its full scale range by voitmeter

connecting R; in series with the coil.
Vo =V = Ifs(Rc + Rs)
Example: What series resistance is required to make the 1. mA, 20£) meter

described above into a voltmeter with a range of 0 to 10 V?
Solution:

— 20 =9980.

-

Y _R =—"_
Iy, ¢ 1x1073

a Circuit Vs
— element —
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Ohmmeter: device that measures resistance.

» The series resistance R, is adjusted so that when the terminals x-y are /“\\
short-circuited (R = 0), the meter deflects full scale (zero). When % / 0
nothing is connected between x-y (open circuit, R = ©o0) there is no
current (no deflection). For intermediate R values, meter scale is ¢
calibrated to read R. R.

X

Lo

R

Potentiometer: device that measures emf of a source without drawing any current from it.
» R, connected to terminals of known emf (). A sliding contact (c¢) is

connected through galvanometer (G) to unknown source (&;). As
contact (c¢) is moved along R, R, varies proportional to wire length

(c-b). To find &, (c¢) is moved until G shows no deflection (I; = 0):

(b) Circuit symbol
for potentiometer

(variable resistor) —AAAAANANN—
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Lecture 9. Magnetic field and magnetic forces

Magnetism:
» Magnets exert forces on each other just like charges. You can draw magnetic field lines just like you
drew electric field lines.
» Magnetic north and south pole’s behavior is similar to electric charges. For magnets, like poles repel and
opposite poles attract.
» A permanent magnet will attract a metal like iron with either the north or south pole.

(a) Opposite poles attract. (b) Like poles repel. 2

e F F = F i -  F
on e Ml I ‘
= \— — s _".v
—— F F — ; ; F , n LA 4
e B S

The earth’s magnetic field

» Magnetic declination / magnetic variation: the Earth’s \ -
magnetic axis is not parallel to its geographic axis (axis of = he :
rotation) a compass reading  deviates from geographic north.

» Magnetic inclination: the magnetic field is not horizontal at
most of earth’s surface, its angle up or down. The magnetic L
field is vertical at magnetic poles.

MAGNETIC FIELD LINES

We can represent any magnetic field by magnetic field lines, just as b - field
we did for the earth’s magnetic field. The idea is the same as for the electric n’\
field lines. We draw the lines so that the line through any point is tangent to i ‘ .
the magnetic field vector at that point as shown in the figure. Just as with '
electric field lines, we draw only a few representative lines; otherwise, the N
lines would fill up all of space. Where adjacent field lines are close together, L \W—}}
the field magnitude is large; where these field lines are far apart, the field N \:
magnitude is small. Also, because the direction of at each point is unique, i :
field lines never intersect. e o
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Magnetic Poles versus Electric Charge
> We observed monopoles in electricity. A (+) or (-) alone was stable, and B }: S =
field lines could be drawn around it.
»  Magnets cannot exist as monopoles. If you break a bar magnet between

N and S poles, you get two smaller magnets, each with its own N and S
pole. J -
N sl N s-i
|
Electric field Magnetic field
1) A distribution of electric charge 1) A moving charge or current
at rest creates an electric field E in creates a magnetic field in the
the surrounding space. surrounding space (in addition to E).
2) The electric field exerts a force 2) The magnetic field exerts a force
Frp = g E on any other charges F., = qu X B on any other moving
in presence of that field. charge or current present in that
field.

» The magnetic field is a vector field vector quantity associated with each point in space.
En =lqlv B = |q|vBsing
Fn=IqlvxB

s F,, is always perpendicular to B and v.

Interaction of magnetic force and charge
The moving charge interacts with the fixed magnet. The force between them is at a maximum when the velocity
of the charge is perpendicular to the magnetic field.

12 perpendicular
\ claatiic
wving parallel 1o a magnetic held

et ero
-~

magnetic q

force, :F)i‘» ; ’

. B
LB
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Right Hand Rule
Positive charge moving in magnetic field Negative charge - F direction
=direction of force follows right hand rule contrary to right hand rule.
I': - q'l.; X B

u-B plane vlf = (,-c' x B

/ F=( qw X B

"‘:=J(I;XB;

Units: 1Tesla = 1Ns/Cm = 1N/Am
1Gauss = 107*T

Positive and negative charges Two charges of equal magnitude but opposite signs moving in the
moving in the same direction same direction in the same field will experience force in opposing
through a magnetic field S directions.
experience magnetic T : If charged particle moves in region where both, E and B are present:
forces In opposile
directions. i.: = (]l_; X E
— F=q(E+vXB)
_ B
g, =49=>0
11 =9 7

=

B v
2= —q<0 g"’

Vi=(qoxi

Example: A beam of protons (g = 1.6 X 10719C) moves at 3 X 10°m /s through a uniform 2-T magnetic field
directed along the positive z-axis. The velocity of each proton lies in the xz-plane and is directed at 30° to the
positive z-axis. Find the force on a proton.

Solution: The charge is positive, so the force is in the same direction as the vector

product v X B. From the right-hand rule, this direction is along the negative y-
axis.

F = quBsing
F=16x10"19%3x10°x 2 X sin 30
=48 x 107N




>
>
>
>
>
>
>

We define the magnetic flux ¢ through a surface just as we defined electric flux in connection with
Gauss’s law. We can divide any surface into elements of area dA. For each element we determine B | the
component of B normal to the surface at the position of that element, as shown in the figure below. From the
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Magnetic Field Lines and Magnetic Flux

Magnetic field lines may be traced from N toward S 1;'\
(analogous to the electric field lines). . 5
At each point they are tangent to magnetic field vector. ; \ 1 //

- ®

N e

—J8

The more densely packed the field lines, the stronger the
field at a point.

- .

Field lines never intersect. / \ A — }

The field lines point in the same direction as a compass
(from N toward S). 4

Magnetic field lines are not “lines of force”.

_’J

Magnetic field lines have no ends, so they continue through the interior of the magnet.

Magnetic Flux and Gauss’s Law for Magnetism

figure B| = Bcosg, where ¢ is the angle between the direction of B and a line perpendicular to the surface. We
define the magnetic flux d¢p through this area as y p p
d®Py = B, dA = BcoshdA = B+dA

The total magnetic flux through the surface is the sum of the
contributions from the individual area elements:

(I)B:/BLdA:/Bcos¢dA:/l—§-dZ

>
>

>

>

Magnetic flux is a scalar quantity.
If B is uniform, then

¢p = B| A = BAcosg

If B happens to be perpendicular to the surface, then ¢ = 0 cos¢p = 1 and
¢p = BA

The SI unit of magnetic flux is equal to the unit of magnetic field (1 T) times the unit of area This

unit is called the weber 1Wb =1T.m? = 1N.m/A

The total magnetic flux through a closed surface is always zero. This is because there

1s no isolated magnetic charge (“monopole”) that can be enclosed by the Gaussian
surface.

ng-dA=0
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Example: A circular area with a radius of 6.5 cm lies in the xy-
plane. What is the magnitude of the magnetic flux through this
circle due to a uniform magnetic field B = 0.23 T.

(a) In the +z-direction;

(b) At an angle of 53.1%rom the +z-direction;

(c) In the +y-direction ?

Solution: Circular area in the xy-plane, so A = mr?
A= m(0.0656m)? = 0.01327 m?
and dA is in the z- direction
il
(a) B =(0.23)k;so Band 14l B
4 are parallel (@ = 0),

¢5=f5-dﬂ=ﬂcasqpfdﬂ=ﬂﬂ ¥
=0.23 X 0.01327 =/
= 3.05x 107* Wb
(b) @ = 53.1°
i
¢5=f5-dﬂ=ﬂcas@fdﬂ [L{ﬂ;/'ﬂ
¢z = BrospA Y
dp = (0.23)cos(53.1)(0.01372) </
(c) Since B and dA are perpendicular(¢ = 909)
bp = f B-dA =Ecos[99]fd.»’-1 =0 i J
IW ¢

x

A8 Ada )
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Motion of charged particles in a magnetic field
» When a charged particle moves in a magnetic field, it is acted on by the magnetic force

(F,,, = qv X B) and the motion is determined by Newton’s laws.
» The force is perpendicular to the velocity, so the charged particle experiences an acceleration that is

perpendicular to the velocity.

» The magnitude of the velocity does not change, but the direction of the velocity does producing
circular motion.

» The magnetic force does no work on the particle.

» The magnetic force produces circular motion with the centripetal acceleration being given by

a=?

where R is the radius of the orbit
» Using Newton’s second law we have

UZ
F,=qvB =m =
» The radius of the orbit is then given by
mv
= 7B

+q wmmsp Counter-clockwise rotation.
—q == Clockwise rotation.

» The angular speed o is given by

v qB

© R m

» The frequency

w
f=

» What is the motion like if the velocity is not perpendicular to B? This particle’s motion has components both

parallel (v,) and perpendicular (v | ) to the

» We break the velocity into components along the magnetic field magnetic field. so it moves in a helical path.
and perpendicular to the magnetic field.

» The component of the velocity perpendicular to the magnetic field
will still produce circular motion.

» The component of the velocity parallel to the field produces no
force and this motion is unaffected

» The combination of these two motions results in a helical type

motion

Example 1: A magnetron in a microwave oven emits electromagnetic waves with frequencyf = 2450 MHz.
What magnetic field strength is required for electrons to move in circular paths with this frequency?
m, = 9.11 X 1073 kg
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Solution: The angular speed that corresponds to the frequency
w =2nf = 2m X 2450 X 10% = 1.54 x 101951
qB

w=—
m

mew  9.11 X 10731 x 1.54 x 10*°

q 1.6 x 10-1°
Example 2: In a situation like that shown in the figure, the charged particle is a proton(q =1.6X
10719C, m = 1.67 X 10~ ?"kg) and the uniform, 0.5T magnetic field is directed along the x-axis. At t = 0 the
proton has velocity components v, = 1.5 X 10°m/s, and v, =0,v,=2X 105m/s. Only the magnetic force
acts on the proton.

= 0.0877T

(@) Att = 0, find the force on the proton and its acceleration.
(b) Find the radius of the resulting helical path, the angular speed of the proton, and the pitch of the
helix (the distance traveled along the helix axis per revolution).
Solution: (a) B =Biand v = v,i + v,k
F=quvXxB=q(,i+v,k) X Bi
Recallixi=0and kxXi=j
+ F = qu,Bj
= (1.6 X 10719)(2 x 105)(0.5)
= (1.6 X 10_14)j
From Newton 2nd law, the resulting acceleration is

F_16x107%
= — = = . X
a==Terxi07 )

(b) Since vy, = 0, the component of velocity perpendicular to B is v,, then the radius R is

mv, (1.67 x 10727)(2 x 10°)

lglB (1.6 x 10~19)(0.5)
=4.18x%x1073m = 4.18 mm

R =

U The angular speed is
_ |q|B B (1.6 x 10719)(0.5)
YT T T 1e7x102

=479 X 107rad/s

U The period is

_A AT i31x1077
~w  479x107 s

U The pitch is the distance traveled along the x-axis in this time,

v, T = (1.5 x 10°)(1.31 x 1077) = 19.7 mm
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Lecture 10. Applications of Charged Particles Motion

> Velocity Selector
An interesting device can be built that uses both magnetic and electric fields that are perpendicular to each
other.
A charged particle entering this device with a velocity v will experience both an electric force Fy = qE and a
magnetic force Fz = quB

If the particle is positively charged then the magnetic force on the (a) Schematic diagram of velocity selector
particle will be to the right and the electric force will be to the left. If the
. . . >-Source of charged particles
velocity of the charged particle is just right then the net force on the IR ot i
. . q
charged particle will be zero ). F = Fg — Fz = 0
x e x By the right-hand rule
E F = FB _ FE =0 R :‘vfi--,- the force of the B field
X || ®=—4*|| X on the charge points to
| ! B the right
|1 .
o qu = qE I : The force of the E field
E . | SRR - on the charge points to
. v : the left
. = — [ [E——4] | >
B [ b : For a negative charge,
: the directions of both
! : forces are reversed

» Only particles with speeds equal to can pass through
without being deflected by the fields.

S . Free-body diagram for a positive particle
> By adjusting E and B appropriately, we can select (b) Free-body diagram for a positive particle
particles having a particular speed for use in other Only if a charged
experiments. Because ¢ cancels out , a velocity T . ‘/ll'B 1 i‘*”']““" hasv = E/B
” . do the electric and magnetic
selector for positively charged particles also works . Biise alat. Iat e
for electrons or other negatively charged particles. ' particles are deflected
» Thomson’s ¢/m Experiment
In a highly evacuated glass container, electrons from the ‘ "’*\!'5"‘- -
hot cathode are accelerated and formed into a beam by a l ' , T
potential difference V between the two anodes A and A’. T — i N
. . '/‘ [ "‘] lf.;A:"'- >0reen
The speed v of the electrons is determined by the ) / o ‘\‘7/ v, e N
accelerating potential V. The gained kinetic energy - muv? Cathode Anodes '

equals the lost electric potential energy eV where e is the T AT W 1 {
magnitude of the electron charge: ma ey i \

<__

1 2ev
“mvi=eV or v= |—/—
2 m
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The electrons pass between the plates P and P’ and strike the screen at the end of the tube, which is coated with
a material that fluoresces (glows) at the point of impact. The electrons pass straight through the plates when Eq.

v = E /B is satisfied. Therefore,

2el
\J m ZVB2

All the quantities on the right side can be measured, so the ratio e/m of charge to mass can be determined.
The most precise value of available as of this writing is

e/m = 1.758820150(44) x 10! C/kg

m = 9.10938215(45) X 1073 kg

> Mass Spectrometer

Using the same concept as Thompson, Positive ions from a source pass 7?‘
through the slits S;and S, forming a narrow beam. Then the ions pass through ==
a velocity selector with crossed £ and B fields. Finally, the ions pass into a — 5,
region with a magnetic field perpendicular to the figure, where they move in .:\3_;
circular arcs with radius R determined by R = mv/qB’ the values of R can be R
measured. We assume that each ion has lost one electron, so the net charge of slocity satesicr IBE QT

each ion is just +e .

With everything known in this equation except m we can compute the mass of
the ion. v = E/B. After this, in the region of B’ particles with m, > m; o
travel with radius (R, > R;). =

Particle
+i O 3

detector

DO TS
Example: You set out to reproduce Thomson’s e/m experiment with i J}
efm = 1.758820150(44) % 10" C/kg and an accelerating potential of 150 I/ and a l

deflecting electric field of magnitude 6 x 10° N/C Magnetic field separa mx by m
(a) At what fraction of the speed of light do the electrons move? ‘ﬂt e fl'l\”l“lu'h Sl Sl
(b) What magnetic-field magnitude will yield zero beam
deflection?

Solution: (a) The electron speed is given by

ZeV
v= |— = /2 x (1.76 x 1011) x 150 = 7.27 X 10® m/s

= 3x108 027

Therefore the electron moves with 0.027 of speed of light.

B—E— 6 X 10° 0837
v 727x100

v 7.27 x10°
c
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Magnetic Force on a Current-Carrying Conductor
» The average magnetic force on a single moving charge is

F,,=qv; XB

» Since v and B are perpendicular, the magnitude of the force is

F, = quB

» The total force on all the moving charges in a length / of conductor with

. Drift velocity tj
cross-sectional area A of charge (A 5

CUImers

F = (nlA)(quqB) < 2,
U Where A4/ is the volume of the conductor and 7 is the number of charges per Pl })
unit volume. ¥l
The current density is | = % =nqu,; =) [ =Anqu, b Ll
il x°

~ F=IlB

o,

«» If the field B is not perpendicular to the wire but makes an angle ¢ with it.
Then, only the component of B perpendicular to the wire (and to the drift
velocities of the charges) exerts a force; this component is B | sing. The
magnetic force on the wire segment is then

F =1l1B| = IlBsing
U The force is always perpendicular to both the conductor and the field, with
the direction determined by the same right-hand rule

Hence this force can be expressed as a vector product, just like the force on a single moving charge. We
represent the segment of wire with a vector / along the wire in the direction of the current; then the force on this

segment is F=1IlxB

U The direction of / is the direction of the current
If the conductor is not straight, we can divide it into infinitesimal d/ segments. The force dF on each segment is

dF =1dlx B
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(a) (b) ()

e
™|

~
-~

Example on Magnetic force on a straight conductor
A straight horizontal copper rod carries a current of 50.0 A from 8-120T

west to east in a region between the poles of a large ) W 4 /
electromagnet. In this region there is a horizontal magnetic field n 1-5004 |B/ .. = \ /
toward the northeast (that W B— g L b £
is, 45° north of east) with magnitude 1.20 T. 3 U <~ 1.00m— }

(a) Find the magnitude and direction of the force ona 1 m 2 / 57

section of rod. / vl s /

(b) While keeping the rod horizontal, how should it be oriented
to maximize the magnitude of the force? What is the force magnitude in this case?
Solution: (a) The angle between the directions of current and field is 45°.

F = IIBsing = 50 X 1 X 1.2 X sin45° = 42.4 N
The direction of the force is perpendicular to the plane of the current and the field, both of which lie in the
horizontal plane. Thus the force must be vertical; the right-hand rule shows that it is vertically upward (out of

the plane of the figure). B=120T+ N ~ .
o ) /
/ /
s/
n -::‘Alﬁéggy" - \ //
-y =457 L |/
It L > E
/ k—1.00m— N
P U F |
/
/ /
/ o S //

Example on Magnetic force on a curved conductor
In the figure below the magnetic field B is uniform and perpendicular to .
the plane of the figure, pointing out of the page. The conductor, carrying = =~~~ * ~ [ R a it

current / to the left, has three segments: (1) a straight segment with N . \\,Z .
length L perpendicular to the plane of the figure, (2) a semicircle with -+ -~ -« - i AT
radius R, and (3) another straight segment with length L parallel to the x- % Y N0 A ‘\ Ky
axis. Find the total magnetic force on this conductor. < "_1 ] + o o [ Ko .

Solution: For segment (1), L = —Lk. Hence F; = IL X B = 0. For segment (3), L = —Liso F; =ILX B =
[(—Li) x (Bk) = ILBj. For the curved segment (2), the figure shows a segment d/ with length dl = R df , at
angle 6. The right-hand rule shows that the direction of dl X B, is radially outward from the center. Because

dl and B are perpendicular, the magnitude d F, of the force on the segment is just dF, = [ dlB =1 (R dG)B .
The components of the force on this segment are

dF,, = 1 Rdf Bcos0 dF,, = 1 Rd6 Bsinf
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To find the components of the total force, we integrate these expressions with respect to 6 from 6 =0to 6 =1
to take in the whole semicircle. The results are
Fox = IRB [ cos8 df = 0 Fy = IRB [" sinf d6 = 2IRB
Hence, F, = 2IRBj . Finally, adding the forces on all three segments, we find that the total force is in the
positive y-direction:

F=F,+F,+F;=0+2IRBj+ILBj = IB(2R + L)j

Force and Torque on a Current Loop
As an example, let’s look at a rectangular current loop in a uniform magnetic field. We can represent the loop as
a series of straight line segments. We will find that the total force on the loop is zero.

0] (b

» {€)

) |
¥ ~ w ! il b ]
73 -
4 Q s . s B B
7 1N J L,
& Kyar -3T # - 1 -
:/ " Y - Q= )
Lo ¢ R
| N 7
» AN il

\" ,:“ f /I o :__:,.‘ ro—
v ," ; \’ - > . }

» The force on the right side of the loop (length a) is to the right, in the +x —direction. B is
perpendicular to the current direction,

F =1IlaB
» A force - F with the same magnitude but opposite direction acts on the opposite side of the loop, as
shown in the figure. z
e
. \.// '\\:'_;_\\_' | 1:/ . X
S, Fyer - B T
Y. [ \ \ 3 \/I Y

» The sides with length » make an angle (90 — ¢)with the direction of B . The forces on these sides
are the vectors F’ and —F’ their magnitude is given by

F' = IbBsin(90° — @) = IbBcos¢

» The lines of action of both forces lie along the y-axis
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Fpt=F—F+F —F =0

» The net force on a current loop in a uniform magnetic field is zero.
» However, the net torque is not in general equal to zero.

Ingeneral — f_pxF=r F=rF
=r Fsing
b . . b .
=3 Fsing = 5 (IaB )sing

b b
TFr=3 Fsing = 3 (IaB )sing

The two forces F’ and —F" lie along the same line and so give rise to zero net torque with respect to any point.
b
S Tnet =T+ T +Tp+7_rp=0+0+ ZE(IaB )sing

= laBbsing

¢ is angle between a vector perpendicular to loop and B

The torgue s maxiomal

§ / Il-_‘ = x v (direcion noemal 10 loop
( . 1 — ¢ The torque is greatest when ¢ = 90°

Z (direction normal
| to loop) The torque is zero when g
i ; % The torque is zero when ¢ = 0 or 180°

¢ = 07 (as shown here) or

A
y B 5 ¢, = 180°. In both cases.
- « F __ x B is perpendicular to the
]<~\ - plane of the loop
=K .,__4_'__._:—________._._____.\ The loop is in stable equi-
| —=F librium when ¢ = 0: it is

in unstable equilibrium

when ¢ = 180

The area of the loop is equal to ab so we can rewrite the magnitude of torque on a current loop as

T = [ABsing
» The product /4 is called the magnetic dipole moment or
: Eas
magnetic moment of the lo u=IA e use the symbol f e
R
. g Ll
» Magnetic torque  Teor = UBsing m e

— |
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T=uxXB

Direction: (Right Hand Rule) determines the direction of the magnetic moment of a current-

carrying loop u. This is also the direction of the loop’s area vector A.
» Potential Energy for a Magnetic Dipole:

U The torque on an electric dipole in an electric field is T = p X E, we found that the corresponding
potential energy is U = —p - E .

U The torque on a magnetic dipole in a magnetic field is T = pu X B, so we can conclude immediately
that the corresponding potential energy is U = —pu - B = —uBcosg

With this definition, U is zero when the magnetic dipole moment is perpendicular to the magnetic field.

Solenoid

An arrangement of particular interest is the solenoid, a helical winding of wire,
such as a coil wound on a circular cylinder. If the windings are closely spaced, the
solenoid can be approximated by a number of circular loops lying in planes at right
angles to its long axis. The total torque on a solenoid in a magnetic field is simply the
sum of the torques on the individual turns. For a solenoid with N turns with uniform 3 %"%
field B, the magnetic moment is N/A and S

T = NIABsing vy

where ¢ is the angle between the axis of the solenoid and the direction of the field. The g i i i Oic
magnetic moment vector 4 is along the solenoid axis. g L

Example: A circular coil 0.05 m in radius, with 30 turns of wire, lies in a horizontal plane. It carries a
counterclockwise (as viewed from above) current of 5 A. The coil is in a uniform 1.2-T magnetic field directed
toward the right. Find the magnitudes of the magnetic moment and the torque on the coil.

Solution: The area of the coil is A = 7r?. The total magnetic moment of all 30 turns is

Uror = NIA = 30 X 5 X 1(0.05)? = 1.18 A. m?
The angle between the direction of and the direction of
(which is along the normal to the plane of the coil) is 90°. :“T
The torque on the coil is

T = UpprBsin @ = 1.18 x 1.2 X sin 90° 3 =907 '8 =1.20T
=141N.m < +-0.0500m
—
I=500A

The Hall Effect

» The Hall effect: A current through a conducting material will develop a transverse voltage (Hall
voltage) when the material is placed in a B-field.

» The concept is similar to the velocity selector except that the electric field (“the Hall voltage) is
generated by the deflected charge carriers rather than an external E-field.
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(a) Negative charge carriers (electrons) (b) Positive charge carriers
n f pusi I |
ip ol
b ) [ e 10 _ \
A J -
/ e B o 1 1 2 <
- J PN
e gl D— v |
‘ A\)‘/ Il / . / v
2+ 4 = -~ By ]

In the steady state, when the forces Fy = qE, and Fy = qv,B,, are equal in magnitude and opposite in direction,
qE. + quyB, = 0 or E. = —uvyB,

This confirms that when is positive, is negative. The current density /, is

Jx =nqVy
Eliminating v, between these equations, we find

—J\B,
"y =—F (Hall effect)

Application of the Hall effect:

(1) It 1s easy to measure voltage; the Hall effect is used for precision measurement of magnetic field.
(2) The Hall voltage developed by positive carrier has opposite sign compared to negative carrier. The Hall
Effect is used to determine the sign of the current carrier in semiconductors.

Example on A Hall-effect measurement
You place a strip of copper, 2.0 mm thick and 1.50 cm wide, in a

uniform 0.40-T magnetic field as shown in the figure. When you run
a 75-A current in the x-direction, you find that the potential at the
bottom of the slab is 0.81 uV/ higher than at the top. From this
measurement, determine the concentration of mobile electrons in
copper.

Solution:

The current density is ~ /, = % = (2X10_3)7(i e = 2.5 x 10% A/m?
V _ 0.81x107° _

The electric field is E, = o= ﬁ =54%x10"°V/m

Therefore, the concentration of mobile electrons in copper is
—]xBy —(2.5 x109)(0.4)

- — 11.6 X 1028m 3
gE, (=16 x 10-19)(5.4 x 10-5) m
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Lecture 11. Sources of Magnetic field

¢ The magnetic field of a moving charge
» A moving charge produces a magnetic field. ; :
» The field will be perpendicular to the direction of motion of ’\‘
the charge. N

q: source point charge w{, N 2O
P: field point - AN =]
r: a unit vector=1 ' ; :;
v: particle velocity vector i |

B: magnetic field -~ I

Bis perpendicular to the plane containing the

T _ _ View from behind the charge
line joining g and Pand the particle’s velocity

vector - The > \,\‘”‘}\"'l
Uo |q|vsing < indicates that the
B = E T2 — charge 1s moving into
o the plane of the page
Uo CI('UXT) ‘ L '\%Q & (away from you)
B 4T r? 2
B

7 Tesla. meter

Ho: Permeability of free space o = 41 X 10 ampere

Coulomb

&o: Permittivity of free space g = 8.85 x 10712
Newton. meter?

1

v Ho€o

Example: Two protons move parallel to the x-axis in opposite directions at the same speed (small compared to
the speed of light ¢). At the instant shown, find the electric and magnetic forces on the upper proton and
compare their magnitudes.

=3 X 10® meter/second

Speed of light c=
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Solution: Coulomb’s law gives the electric force on the upper proton.
To get the magnetic force on the upper proton, we must first find the
magnetic field that the lower proton produces at the position of the upper
proton. The unit vector from the lower proton (the source) to the position of
the upper protonis r = j

_1 &
" 4ueyr2

Fg

vi X | v
g @ *J_ Hoqv

4m r?2 4mr?
2.2
. HoqV Ho q~V™ |
Fp=q(-v) XB = —quiX ——k = —
p=4(=v) wt 41 12 4 12

2 2 2

Fg  poq®v?/4mr? _ uov v v

Fr q?/4meer?  1/g B 1/1o€0 e

The magnetic force is much smaller than the electric force because v is smaller than the speed of light.

+» Magnetic field of a current element

the magnetic field caused by a short segment d/ of a current-carrying

conductor, as shown in the figure. The volume of the segment is A dl, where
A is the cross-sectional area of the conductor. If there are » moving charged

particles per unit volume, each of charge ¢, the total moving charge dQ in the S \’ dB _“J,’a
segment is /7“ m' W
dQ = quAdl T | r: \ B }
/ B " Vun
The moving charges in this segment are equivalent to a single charge dQ, ~i{m.

traveling with a velocity equal to the drift velocity v,;. The magnitude of the
magnetic field at the field point P is
to 1dQlvgsing &nlqlvdA dl sing

dB = — =
417 r2 41t r2

But n|q|vzA =1

Uo I dl sing
&“dB =——«+—

4T r?

o ldl X1
s~ dB = —

At r?

where is dl a vector with length d/, in the same direction as the current in the conductor.
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» The last equations are called the law of Biot and Savart T Cirreiit difected into

_ the plane of the page
» use this law to find the total magnetic field at any point in space "

due to the current in a complete circuit. { ‘ {

dB g

Example: A copper wire carries a steady 125-A current to an )
electroplating tank (Figure). Find the magnetic field due to a 1.0- | .
cm segment of this wire at a point 1.2 m away from it, if the point ik
is

(a) Point straight out to the side of the segment, and S TP\ 12w

(b) Point in the xy-plane and on a line at to the B . 12m —

segment. R Ne—— 3 he="
1.0cm

Solution: (a) At pointP;, the unit vector r = j
g BoldlXT _ o ldI(—D) Xj _ po Id]
C4m r? 4m r? 47 2

_1n-7y d28)(x1072) _g
= -0 57—k = (8.7%x 1078 T)k

= The direction of B at P, is into the xy-plane
(b) At P, the unit vector is 7 = (—c0s30°)i + (sin30°)j
po Idl xr  p 1di(—i) x= (—cos30°)i + (sin30°)j

N A 12 B 41 , r?
o ldisin30 _,.(125)(1 x 1072)(sin30) _ N
=k =—(107) S — —(43x10"8 )k

=~ The direction of B at P, is also into the xy-plane

+» Magnetic field of a straight current-carrying conductor

Use the law of Biot and Savart to find the magnetic field produced by a straight current-carrying conductor.
; The figure shows such a conductor with length 2a carrying a current /. We will find at a
point a distance x from the conductor on its perpendicular bisector.

To find the field dB for the element d/ at point P distance x from it.
U di=dy

r= 7 ¥7

a
Q sing =sin(m— @) =
a

X

from RHR the direction of dB is into the plane of the figure.
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The magnitude of the total magnetic field B is

uoldlsmcp ,uolj‘ xdy _ Mol 2a
“an 12 (2 +yD A o x t a2

Mol 1

_27'[ 2
X ’x—2+1
a

» When the length 2a of the conductor is very great in comparison to its distance x from the point P,

we can consider it to be infinitely long.

» When « is much larger than x, / ~ + 1 is approximately equal to |

» Hence, in the limit a — oo

Hol
B=—
N . 2mx
The physical situation has axial symmetry about the y-axis. Hence must  p,1c 1o rute for the magnetic field
have the same magnitude at all points on a circle centered on the around a current-carrying wire: Poin! the
conductor and lying in a plane perpendicular to it, and the direction of et S S

current. Your fingers now curl around the wire
in the direction of the magnetic field lines.

must be everywhere tangent to such a circle. Thus, at all points on a
circle of radius r around the conductor, the magnitude B is

fal

B =
2Tr

Example: A long, straight conductor carries a 1.0-A current. At what
distance from the axis of the conductor does the resulting magnetic field

have magnitude B = 0.5 X 10~* T (about that of the earth’s magnetic field in Pittsburgh)?

Solution:

Bl (4mx1077)(D)

~ 2nB 27‘[(0.5)(10 4)
=4x103m=4mm
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+* Force between parallel conductors

The figure shows segments of two long, straight, parallel conductors
separated by a distance » and carrying currents / and I’ in the same
direction. Each conductor lies in the magnetic field set up by the
other, so each experiences a force. The figure shows some of the
field lines set up by the current in the lower conductor.

The lower conductor produces a B field that, at the position of the
upper conductor, has magnitude

L

Uol L i
B =-—"- LB
27T A j

he force that this field exerts on a length L of the upper conductor is F = I'L X B where the vector L is in the
direction of the current /" and has magnitude L. Since B is perpendicular to the length of the conductor and
hence to L the magnitude of this force is

!/
Uoll'L
F=ILB=—
2nr
and the force per unit length F/L is

F poll’ :
= (two long, parallel, current-carrying conductors)
L 27r

Applying the right-hand rule to F = I'L X B shows that the force on the upper
conductor is directed downward.

The current in the upper conductor also sets up a field at the position of the
lower one.

Thus two parallel conductors carrying current in the same direction attract
each other. If the direction of either current is reversed, the forces also reverse.
Parallel conductors carrying currents in opposite directions repel each other.

Example: Two straight, parallel, superconducting wires 4.5 mm apart carry

equal currents of 15,000 A in opposite directions. What force, per unit length, does each wire exert on the
other?

I=15000A | L

-—

N

r=45mm

—_—

I'=15000A
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Solution: The conductors repel each other because the currents are in opposite
directions.
The force per unit length is

F uoll" (4w x1077)(15 x 10%)?
L 2mnr 21 (4.5 x 1073)
=1x10*N/m

+» Maagnetic field of a circular current loop

Use the law of Biot and Savart to find the magnetic field at a point P on the axis of the loop, at a distance x from
the center. As the figure shows, d/ and r are perpendicular, and the direction of the field dB caused by this
particular element lies in the xy-plane. Since 7% = x? + a? the magnitude dB of the field due to element d/ is

ol dl

B =
d 4 (x% + a?)

The components of the vector dB are

dB, = dBcos = Mot __ & -
x = ABCOST = (x2 + a?) (x2% + a?)1/2
ol dl X

dB, = dBsinf an (2t ad) (2 1 a2
The total field B at P has only an x-component (it is perpendicular to the plane of the loop).

To obtain the x-component of the total field we integrate around the loop. Everything in this expression except
dl is constant and can be taken outside the integral, and we have

5 _fuol adl Mol a fdl
* ) 4m (2% +a?)3/2 4w (x2 + a?)3/2

The integral of d! is just the circumference of the circle, [ dl = 2ma and we finally get

Kola .

B e (on the axis of a circular loop)

2(x? + a*)*?
The direction of the magnetic field on the axis of a 3
current-carrying loop is given by a right-hand rule. y ] B
. Right-hand rule for the
If you curl the fingers of your right hand around the e R L) : = . N
. o . magnetic field produced by b -
loop in the direction of the current, your right thumb  ;, .yrrent in a 1oop: =2\

points in the direction of the field. < —

— A 7 :
i \\ E When the fingers of yvour right

hand curl in the direction of 7.
—\ > yvour right thumb points in the
YE direction of B
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% Magnetic Field on the Axis of a Coil

Now suppose that instead of the single loop, we have a coil consisting of N loops, all with the same radius.
Then the total field is V times the field of a single loop:

_ poNla®

2(x% + az)"'/2
The maximum value of the field is at the center of the loop or
coilatx =0

v (on the axis of N circular loops)

_ MoNI

max 2a

| | Y
—3a —2a —a O a 2a 3a

Example: A coil consisting of 100 circular loops with radius 0.60 m carries a 5.0-A current.
(a) Find the magnetic field at a point along the axis of the coil, 0.80 m from the center.

(b) Along the axis, at what distance from the center of the coil is the field magnitude % as great as it

is at the center?
Solution:

poNia®
2(x? + .112)3*52
(a) At x = 0.8 m from the center
(4 x 1077)(100)(5)(0.6)?
= =11x107*T
x 2(0.82 + 0.62)3/2

(b) we want to find a value of x such that

X

1 1 1
(x2 + a2)3/2 - 5(02 + a?)3/2
(xz + a2)2/3 — 8(a2)2/3
x% + a? = 4a?
~x=+V3 a=1.04m
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> Ampere’s law
» Ampere's Circuital Law relates the magnetic field to its electric current source.
» Ampere's law allows us to calculate magnetic fields from the relation between the electric currents that

generate this magnetic fields. It states that for a closed path the sum over elements of the component of the
magnetic field is equal to electric current multiplied by the permeability of free space.

» It is the law that a magnetic field induced by an electric current is, at any point,
directly proportional to the product of the current and the length of the current
conductor, inversely proportional to the square of the distance between the point
and the conductor, and perpendicular to the plane joining the point and the

conductor.
» Ampere’s law is formulated not in terms of magnetic flux, but rather in terms of the line integral of around a
closed path, denoted by

Example: A cylindrical conductor with radius R carries a current /. The current is uniformly distributed over the
cross-sectional area of the conductor. Find the magnetic field as a function of the distance » from the conductor
axis for points both inside and outside the conductor.

Solution: In either case the field B has the same magnitude at every

point on the circular integration path and is tangent to the path. Thus the
magnitude of the line integral is simply B(27r). To find the current

.o enclosed by a circular integration path inside the conductor ]
(r < R), note that the current density (current per unit area) is, =

] =1/mR?

so the I, = J(nr?) = Ir?/R?
Hence Ampere’s law gives
B(Q2nr) = polr?/R?

U The field inside the conductor r < R

B = M—OIL
21 R?

Outside the conductor the integration encloses
the total current in the conductor, so I, = [

U The field outside the conductor r > R

Hol
& B =——
2nr
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Lecture 12. Electromagnetic induction

» Electromagnetic induction is the process of using magnetic fields to produce voltage, and in a
complete circuit, a current.
> The current in the coil induced by a changing magnetic field or changing the area of a coil methods is

called an induced current. A closed circuit is necessary for the induced current to flow.

» The emf produced in the coil which drives the induced current is called the “induced emf". The induced
emf exists whether or not the coil is part of a closed circuit.

» The phenomenon of producing an induced emf with the aid of a magnetic field is called electromagnetic
induction.

O Simple experiments show that it T ——
doesn’t matter how the magnetic field

resutlts ls no curremt residis o positive .u-.-ln'
changes: Induced electrical effects ~ (D i B A‘ff.; )
occur in all cases of changing . : CH. O =
magnetic fields.
A Daster mnving magaet v iy mag et

Alefvurd

resalts b 2 negadiy

roaudis b lovcressedd curremd ¥ curremi
" \ Sl N
¥ 1 F "\ ]
- S v v v
- P “ \ Qi
s N == BT — N L
o -

U Experiment 2: moving circuit/coil near a magnet; an induced ‘

current results KY)
5 N =

U Experiments 3 and 4: two circuits; either one moving
* (3) Energize one coil to make it an electromagnet; move it near a

circuit and induced current results. ) ' @)
* (4) Energize one coil to make it an electromagnet; hold it stationary M*—/D —d
and move a circuit near it—an induced current results. {_4 ;

U Experiment 5: changing field/current; no motion
Change the current in one circuit, and thus the magnetic field it

) . .. l:.T/",'
produces; induced current results in a nearby circuit ’:‘|' + __/m - }
= [ ( ) \—IT. i

% Magnetic Flux
To understand the complex nature of electromagnetic induction is to understand the idea of magnetic flux.

Flux is a general term associated with a FIELD that is bound by a certain AREA. So MAGNETIC FLUX is any
AREA that has a MAGNETIC FIELD passing through it.
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We generally define an AREA vector as one that is perpendicular to the surface of the material. Therefore, you

can see in the figure that the AREA vector and the Magnetic Field vector are PARALLEL. This then produces a
DOT PRODUCT between the 2 variables that then define flux.

®, =[B-dA=[Bcosg-da

If B is uniform over a flat area A: ols Ji¥
D, =B-A=B-A-cos@ “

i,

# B

s Faraday’s Law of Induction:

The induced emf'in a closed loop equals the negative of the time rate of change of the magnetic flux through the
loop.

_ _d¢s .
€=——" Increasing flux s £ <0

Decreasing flux mmmmmmp & > 0

Examplel: The magnetic field between the poles of the electromagnet in Fig. 29.5 is uniform at any time, but
its magnitude is increasing at the rate of The area of the conducting loop in the field is 120 cm2, and the total
circuit resistance, including the 0.020 T/s. meter, is

(d) Find the induced emf and the induced current in the circuit.

(b) If the loop is replaced by one made of an insulator, what effect does this have on the induced emf

and induced current?

Solution:
() The area vector A for the loop is perpendicular to the plane of the PR SR o R e
loop; we take 4 to be vertically upward. Then A4 and B are parallel, . : J
and because B is uniform the magnetic flux through the loop is Mk
¢ = B-A = BAcos0 = BA. The area A = 0.012 m? is 4Bjd = 0.020T/s 4» /!
constant, so the rate of change of magnetic flux is . ries 4
A\ <
dbp _dBA) _dB | _ (02 % 0.012 = 2.4 x 104V g
dt dt dt ~__ /%)
This, apart from a sign that we haven’t discussed yet, is the induced t’j’ "’4
emf ¢ . The corresponding induced current is os o

[_E_24x107 s,
= =— =40 X
R 5

=TT} A= 1X0cm 0012m
171

| Total resastance i clecuil
4 ind mecler 501
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(b) By changing to an insulating loop, we’ve made the resistance of the loop very high. Faraday’s law does not
involve the resistance of the circuit in any way, so the induced emf does not change. But the current will be
smaller. If the loop is made of a perfect insulator with infinite resistance, the induced current is zero. This
situation is analogous to an isolated battery whose terminals aren’t connected to anything:

An emf'is present, but no current flows.

% Direction of Induced emf:

o : : . . d
We can find the direction of an induced emf or current by using the Faraday’s law of induction ¢ = ———

together with some simple sign rules. Here’s the procedure:
1. Define a positive direction for the vector area A.

2. From the directions of 4 and the magnetic field B determine the sign of the magnetic flux ¢z and
its rate of change d¢pg/dt

3. Determine the sign of the induced emf or current. T ] = L l
If the flux is increasing, so d¢pg/dt is positive, then the induced 3 A
emf or current is negative; if the flux is decreasing, d¢pg/dt is
negative and the induced emf or current is positive. £

4. Finally, determine the direction of the induced emf g £ 9
or current using your right hand. Curl the fingers of your right . | : . ‘
hand around the 4 vector, with your right thumb in the direction : |
of A. If the induced emf or current in the circuit is positive, it is \ i e
in the same direction as your curled fingers; if the induced emf or
current is negative, it is in the opposite direction.

For a coil with V identical turns, and if the flux varies at the same rate through each turn, the total rate of

change through all the turns is N times that for a single turn. If ¢p is the flux through each turn, the total emf in
d¢p
N =

acoill with Nturnsis &= — ”

Example 2: A 500-loop circular wire coil with radius 4 c¢m is placed between the poles of a large electromagnet.
The magnetic field is uniform and makes an angle of 60°with the plane of the coil; it decreases at 0.2 T /s.
What are the magnitude and direction of the induced en/?
Solution: The flux varies because the magnetic field decreases in amplitude. We choose the area vector A4 to be
in the direction shown in the figure below. With this choice, the geometry is similar to (b) of the direction
figure above. Since the magnetic field is uniform, then the magnetic flux is

¢p = BA cosgp
Where ¢ = 30°.
(Remember that ¢ is the angle between A and B not the angle between B and the plane of the loop.)

——e —

Therefore, the induced emf in the coil

dt dt
= 500(—0.2) (7 0.04%)(cos30) = 0.435V
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The positive answer means that when you point your right thumb in the direction of the area vector A ( below
the magnetic field), the positive direction for ¢ is in the direction of the curled fingers of your right hand.
s Lenz’s Law
The direction of any magnetic induction effect is such as to oppose the cause of the effect.
» Alternative method for determining the direction of induced current or emf.
» The “cause” can be changing the flux through a stationary circuit due to varying B, changing flux
due to motion of conductors, or both.

(a) M (b) M (c) (d) M

B,

If the flux in an stationary circuit changes, the induced current sets up a magnetic field opposite to the original
field if original B increases, but in the same direction as original B if B decreases.
» The induced current opposes the change in the flux through a circuit (not the flux itself).

» If the change in flux is due to the motion of a conductor, the direction of the induced current in the
moving conductor is such that the direction of the magnetic force on the conductor is opposite in
direction to its motion (e.g. slide-wire generator). 7he induced current tries to preserve the “status
quo” by opposing motion or a change of flux.

B induced downward opposing the change in flux (d®/dt). This leads to induced | ;
current clockwise.  Change in B

(increasing)

s Lenz’s Law and the Response to Flux Changes Ll
» Lenz’s Law gives only the direction of an induced current I. The |

magnitude depends on the circuit’s resistance. Large R = small y S _ﬂ‘jg
induced I easier to change flux through circuit. 1

> Ifloop is a good conductor mmmp I induced present as long as magnet moves with respect to loop.
When relative motion stops [ =0 quickly (due to cilFE’s resistance).

» If R =0 (superconductor) mmmp [ induced (persistent current) flows even after induced emf has
disappeared (after magnet stopped moving relative to loop). The flux through loop is the same as

before the magnet started to move q’ flux through loop of R = 0 does not change.

< Motional Electromotive Force

A charged particle in rod experiences a magnetic force F = qv X B that causes (a) bsolated mireing rd
free charges in rod to move, creating excess charges at opposite ends. *
» The excess charges generate an electric field (from a to b) and electric

force (F = q E') opposite to magnetic force.
» Charge continues accumulating until Fz compensates Fz and charges
are in equilibrium qF = qvB fe=of
» the magnitude of the potential difference V,;, = V, — V}is equal to the v B
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electric field magnitude £ multiplied by the length L of the rod.

V. = EL = vBL
» Ifrod slides along stationary U-shaped conductor forming a complete circuit. No magnetic force

acts on charges in U-shaped conductor, but excess charge at ends of straight rod redistributes along
U-conductor, creating an electric field.

The electric field in stationary U-shaped conductor creates a current
moving rod became a source of emf (motional electromotive force). Within straight rod charges move from
lower to higher potential, and in the rest of circuit from higher to lower potential.

(b) Rod connected to stationary condoctor

& = vBL
Length of rod and velocity perpendicular to B. * < ;
Induced current: | ES
 _E vl e
R R

» The emf associated with the moving rod is equivalent to that of a Bz{ftery‘witﬁ posmve terminal at a
and negative at b.
» Motional emf: general form (alternative expression of Faraday’s law)
de = (v X B)-dl
e=¢wxB)-dl Closed conducting loop

» This expression can only be used for problems involving moving conductors. When we have
stationary conductors in changing magnetic fields, we need to use: € = —d¢p/dt

Example: Suppose the moving rod in the figure below is 0.10 m long, the velocity is v = 2.5 m/s, the total

resistance of the loop is R = 0.03 £2 and B is 0.60 T'. Find the motional emf, the induced current, and the force
acting on the rod.

SOlutiOH: the mOtlonal emf IS (b) Roxd connected 10 -l.f!h'h.ll\ conductor
e=vBL=25x%x0.6x01=0.15V ¥ — “’ )
The induced current in the loop is A Fd
[ e 015 5 4 ‘
R 0.03 i

the magnetic force acting on the rod has magnitude
F=ILB=5%x01x06=03N

Since L and B are perpendicular, the magnetic force F = IL X B, by the

RHR is directed opposite to the rod ‘s motion.

¢ Induced Electric Fields
» An induced emf occurs when there is a changing magnetic flux through a stationary conductor.
» A current (/) in solenoid sets up B along its axis, the
magnetic flux is: & Gatvapomcter 41 |

D, =B A=pnlA e '@

APy __, a9l " (1

a " T\—

£=—

Induced current in loop (I’):

! A ~
I S Blae cylinder shows region

with magoenie ticks &

| m
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» The force that makes the charges move around the loop is not a magnetic force. There is an
induced electric field in the conductor caused by a changing magnetic flux.

» The total work done on ¢ by the induced £ when it goes once around the loop: = ge¢ , therefore £
is not conservative.

» For conservative B: ¢ E-dl =0

> For non-conservative E: $E-dl = & = — d‘% (stationary path)
» Cylindrical symmetry E magnitude constant, direction is tangent
to loop.
2 7oy 1 |dP
§E-di =271 E — E=——|—"
2mr| di

Example: Suppose a long solenoid has 500 turns per meter and cross-sectional area 4cm?. The current in its
windings is increasing at 100 A/s

(@) Find the magnitude of the induced emf in the wire loop outside the solenoid.

(b) Find the magnitude of the induced electric field within the loop if its radius is 2.0 cm.

Solution: (a) the induced emf is

ddpg dl
E=———=—UgnAd—

dt
= —(47 x 1077)(500) (4 x 10~4)(100)
= —25x10"°Wbh/s
= —25x107°V = —25uV
(b) By symmetry the line integral ¢ E - dl has absolute value 27t7E no matter which direction we integrate
around the loop. This is equal to the absolute value of the emf, so
le| = 2nrE
el 25x107°
C2nr 2m(2 x 1072)
¢ Displacement Current and Maxwell’s Equations
» A varying electric field gives rise to a magnetic field. the magnetic field can be obtained by using
Ampere's law Path for

% B - dl = polenc
Where ., is the conduction current passing through surface by closed path.
» Consider charging a capacitor: Conducting wires carry i, -t
(conduction current) into one plate and out of the other, as O and £
between plates increase. for the circular path shown apply Phane <\
Ampere’s law to find

=2x1074V/m

Mipere's Law

_~Bulging surthce

fB -dl = I’LOiC
Consider a second surface that bulges out to the right which is also bounded by the same circle, the current

through that surface is zero, because the charge stops on the capacitor plates. So ¢ B - dl = pgi, and at the
same time it is equal to zero! This is a clear contradiction.
O As capacitor charges, E and @ through surface increase.
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U The instantaneous charge on the plates is g = Cv , where v is the instantaneous potential
difference across the plates.

C=£O§ and v =Ed so

_dq : d®g _'.J{} S

q=Cv= sog(Ed) = goEA = £y®p

T ar ' y
we invent a fictitious displacement current in the region between the plates, defined ‘/
as
o doy .\
D= f0T gy ‘|_'-, _'.‘",
To generalize Ampere’s law, we include this fictitious current, along with the real ) : = |
conduction current U, /

i ] i
4 I Field due Field due Freld due
§ B ) dl - Mo(lc + lD)enCl 10 current 10 currend Y O vurrent
Ampere’s law in this form is obeyed no matter which surface we use. For the flat surface, i is zero; for the

curved surface, i is zero; and
ic(flat surface) = ip(curved surface)

> Displacement current density (jp):
. ip dE
Jp = Vi € dar
U The displacement current is the source of B in between capacitor’s plates. It helps us to satisfy
Kirchhoff's junction’s rule: i, in and i, out

% The reality of Displacement Current

Displacement current creates B between plates of capacitor while it charges.
Let’s picture round capacitor plates with radius R. To find the magnetic field at a

point in the region between the plates at a distance » from the axis, we apply i r Tl
Ampere’s law to a circle of radius » passing through the point, with r < R FER AT i
This circle passes through points @ and b. S :, o L‘"""E - 1 e
The total current enclosed by the circle is j,, times its area, or (i, /TR?)(mr?). The ".; W ‘f#‘"*'..' ,.n";'

integral in Ampere’s law is just B times the circumference 27r of the circle, and o N

because for the charging capacitor, Ampere’s law becomes
2

r .

%B-dl = 2nrB =,u0ﬁlc
_BoT

2mR2 ¢

This result predicts that in the region between the plates B is zero at the axis and increases linearly with distance

from the axis. A similar calculation shows that outside the region between the plates (that is, for r > R ) B is the
same as though the wire were continuous and the plates not present at all.
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o Maxwell’s Equations of Electromagnetism

2 Gauss’s law for electricity [gﬁ E-dA = Qe””] it describes charges and electric field.

€o

It physically means that
 like charges repel and unlike charges attract,

» A charge on an insulated conductor moves to its outer surface.

2 Gauss’s law for magnetism[ji B-dA = O] it describes the magnetic field.

It physically means that
« There are no magnetic monopoles

] it describes

encl

2 Ampere’s law (as extended by Maxwell) [gﬁ B-dl =y (ic T & %)

the magnetic effect of a current or a changing electric field.

It physically means that
« Acurrent in a wire sets up a magnetic field near the wire.

« The speed of light can be calculated from purely electromagnetic measurements.

2 Faraday’s law of induction [gﬁ E-dl=- %]it describes the electrical effect of changing

magnetic field.

It physically means that
« A bar magnet thrust through a closed loop of wire will set up a current in the loop.




